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ABSTRACT
For 
ommuni
ation networks with two di�erent s
enarios, we develop two mathemat-i
al models using non
ooperative game theoreti
al framework. The �rst model is forvariable rate real time traÆ
 at a bottlene
k node. The se
ond one analyzes the uplinkpower 
ontrol problem in a CDMA system. In both models, we not only address the
ow 
ontrol and power 
ontrol problems, but also pri
ing and allo
ation of a single re-sour
e among many users. Distributed, end-to-end 
ow and power 
ontrol s
hemes areproposed by introdu
ing a 
ost fun
tion, de�ned as the di�eren
e between pri
ing andutility fun
tions in ea
h 
ase. Existen
e of a unique Nash equilibrium is proven basedon the de�ned 
ost fun
tions. In addition, three distributed update algorithms (parallel,random, and gradient update) are shown to be globally stable under reasonable 
ondi-tions. The 
onvergen
e properties and robustness of ea
h algorithm are studied throughextensive simulations.
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CHAPTER 1INTRODUCTION
1.1 Ba
kgroundGame theory provides a natural framework for developing pri
ing me
hanisms to solvevarious problems in 
ommuni
ation networks, su
h as rate 
ontrol, routing, fair allo
ationof resour
es among users in wireline networks, and power 
ontrol in wireless networks.In both 
ases, users on the network are 
ompletely non
ooperative in terms of theirdemands for the system resour
es, whi
h 
an be bandwidth or signal to interferen
e ratio(SIR) depending on the network at hand. This fa
t motivates the use of non
ooperativegame theory [1℄ for 
ow, 
ongestion, or uplink power 
ontrol. An appropriate solution
on
ept here is the non
ooperative Nash equilibrium. In this approa
h, a non
ooperativenetwork game is de�ned where ea
h user attempts to minimize a spe
i�
 
ost fun
tion byadjusting his 
ow rate or transmission power, with the remaining users' 
ows or powers�xed. An advantage of this approa
h 
omes from the fa
t that it leads to distributeds
hemes, and not a 
entralized 
ontrol for the network, whi
h �ts well with today's aswell as tomorrow's expe
ted trend of de
entralized 
omputing.In this thesis, we develop two mathemati
al models using the non
ooperative gametheoreti
al framework. The �rst model is for the variable rate real time traÆ
 at a bottle-ne
k node in an Internet style network. The se
ond one analyzes the uplink power 
ontrolproblem in a 
ode division multiple a

ess (CDMA) system. In both 
ases we make useof the 
on
eptual framework of game theory and also of some spe
i�
 results from non-1




ooperative games to obtain market-based 
ontrol me
hanisms. Problem-spe
i�
 
ostfun
tions provide the pri
ing s
hemes, where supply of the resour
e and the demand forit lead to a unique equilibrium point. In addition, we examine three relevant distributedupdate s
hemes in terms of their 
onvergen
e and robustness properties: parallel, ran-dom, and gradient update algorithms (PUA, RUA, and GUA).1.2 Models and the Literature OverviewIn the �rst model, we investigate the 
ow 
ontrol problem in the Internet. The
ow 
ontrol me
hanisms of the 
urrent Internet, implemented in TCP (TransmissionControl Proto
ol) provide distributed, end-to-end 
ongestion 
ontrol for the InternettraÆ
 [2℄. TCP was spe
i�
ally designed to provide reliable, best-e�ort type traÆ
 overan unreliable internetwork. Evolution of the Internet over time, however, has resultedin a network that tries to meet very di�erent needs, in 
ontrast with the original designgoals. Implementation of RTT (real-time traÆ
) on the Internet for new appli
ations likeVoIP (voi
e over Internet proto
ol) or video 
onferen
ing is one su
h example. Pri
ingof the network resour
es and 
harging the users in proportion with their usage is another
hallenge. The Internet is no longer the small, spe
ial 
ommunity it used to be, andthere is an emerging need for additional me
hanisms to ensure fair allo
ation of networkresour
es among the users.A
hieving these goals is only possible with new 
ongestion and 
ow 
ontrol me
ha-nisms. The implementation of RTT requires 
ertain QoS (quality of servi
e) guaranteesin a best-e�ort type network to ensure the ne
essary minimum 
ow rate for possibleappli
ations.There is an ongoing e�ort to improve and modify the 
ow 
ontrol me
hanisms ofTCP to satisfy the needs of the 
urrent Internet. Most of the literature in this area is
on
entrated on 
ontrolling the best-e�ort type traÆ
, where several di�erent approa
heshave been used [3, 4℄. These methods 
an be divided into three groups. The �rst approa
his a 
entralized one, where the 
ow of ea
h user is regulated separately by the network.2



Su
h a 
entralized approa
h is not in line with the distributed philosophy of the Internet,whi
h is more widely a
knowledged. A se
ond approa
h is to provide in
entives forend users to support the 
ontinued use of end-to-end 
ongestion 
ontrol, similar to the
urrent me
hanism. This 
an be a
hieved via poli
ing methods, where those users whodo not adapt their 
ows in the 
ase of a 
ongestion are 
ategorized as unresponsive andpunished by the network [3℄. The third approa
h is one of the most popular approa
hes,be
ause of the fa
t that it addresses not only 
ongestion 
ontrol problem, but also pri
ingand fairness issues. The basi
 prin
iple here is to provide spe
i�
 pri
ing me
hanismsto end users and to let them adjust their 
ow rates a

ordingly. The re
ent work ofKelly et al. [4℄ on shadow pri
es and proportional fairness is an example of this type ofapproa
h. Using a feedba
k me
hanism based on shadow pri
es, one 
an a
hieve stabilityand optimal usage of network resour
es. Fairness has been de�ned in this work in theproportional sense, whi
h is a relaxed form of 
lassi
al max-min fairness.Among many di�erent approa
hes, the game theoreti
al approa
h has been enjoyingin
reasing popularity as it provides a �tting framework for studying the underlying net-work optimization problems [5, 6, 7℄. However, most network games in the literature arefo
used on elasti
, best-e�ort type traÆ
 [6℄. As an example for addressing the 
ow 
on-trol problem in a game theoreti
 framework, we 
an 
ite Altman et al. [5℄ who show thatif an appropriate 
ost fun
tion and pri
ing me
hanism are used, one 
an �nd an eÆ
ientNash equilibrium for a multiuser network, whi
h is further stable under di�erent updatealgorithms. Here, we 
onsider a model with two 
omponents. The �rst pertains to a
lassi
al admission 
ontrol me
hanism [2, p. 494℄, where the users are admitted to thenetwork after given a 
ertain QoS guarantee in a

ordan
e with the available resour
es ofthe network. The guaranteed minimum 
ow rate meets the requirements of the intendedRTT appli
ation.The se
ond 
omponent of the model 
on
erns elasti
 
ow, and it a

ommodates awide range of traÆ
 types, from medium to high elasti
ity. The distributed end-to-end
ontrol system is modeled as a network game where users or players adjust their ex
ess
ow rates or strategies a

ording to their individual needs and by taking into a

ount the3



state of the network. In addition to a relevant pri
ing fun
tion, 
ost fun
tion we adoptfor this purpose features an inherent feedba
k me
hanism, enabling the users to a
quirethe basi
 (essential) information about the state of the network. The non
ooperativegame framework provides equilibrium 
onditions for the system and, most importantly,the market stru
ture, where supply and demand for bandwidth determine the allo
ationof network resour
es and pri
es. Fairness is also an important issue, and this is builtinto the network so that those users who are willing to pay for resour
es more thanothers re
eive a proportionately larger portion of the resour
es. We model the individualuser's demand for bandwidth in terms of two di�erent utility fun
tions: an aÆne and alogarithmi
 utility fun
tion.In the se
ond part of the thesis, we present a game theoreti
al treatment of distributedpower 
ontrol in CDMA wireless systems. In wireless 
ommuni
ation systems, mobileusers respond to the time varying nature of the 
hannel, des
ribed using short and longterm fading phenomena, by regulating their transmitter powers. Spe
i�
ally, in a CDMAsystem, where signals of other users 
an be modeled as interfering noise signals, the majorgoal of this regulation is to a
hieve a 
ertain SIR ratio. Hen
e, there are two majorin
entives for a user to exer
ise power 
ontrol: The �rst one is the limit on the batteryenergy available to the mobile. The se
ond reason is the in
rease in 
apa
ity, whi
h 
anbe a
hieved by minimizing the interferen
e.In most of the 
urrent wireless systems, the uplink power of mobile users is 
on-trolled 
entrally. Me
hanisms like the open-loop or the 
losed-loop power 
ontrol areimplemented in CDMA systems. In the open-loop power 
ontrol, the mobile regulates itstransmitted power inversely proportional to the re
eived power. In the 
losed-loop power
ontrol, on the other hand, 
ommands are transmitted to the mobile over downlink toraise or lower its uplink power [8, pp. 182℄.An alternative is to implement a distributed 
ontrol s
heme, in whi
h ea
h user reg-ulates its transmitted power independently. There are several re
ent papers dis
ussingthe distributed power 
ontrol approa
h. Yates [9℄ establishes a distributed 
ontrol frame-work for CDMA systems, where users need to satisfy a transmitter power 
onstraint.4



This 
onstraint 
an be des
ribed as the interferen
e a user has to over
ome to a
hievean a

eptable 
onne
tion. One 
an 
ome up with di�erent interferen
e 
onstraints fordi�erent systems: �xed assignment, minimum power assignment, diversity, et
. Yatesalso shows the existen
e of a unique �xed point for syn
hronous and asyn
hronous power
ontrol algorithms.Game theory is another framework that 
an be used for distributed power 
ontrol.Possible utility fun
tions and their properties for both voi
e and data users are inves-tigated in detail in [10℄. An example utility fun
tion whi
h also takes error 
orre
tioninto a

ount is formulated, and existen
e of a unique Nash equilibrium is shown. Oneinteresting feature of this framework is that it provides utility fun
tions for wireless datatransmission, where power 
ontrol dire
tly a�e
ts the 
apa
ity of mobiles' data transmis-sion rates. A linear pri
ing s
heme is also proposed in [10℄ in order to a
hieve a Paretoimprovement in the utilities of mobiles.In an earlier study [11℄, Nash equilibria a
hieved under the pri
ing s
heme have been
hara
terized by using supermodularity. It has been shown that a non
ooperative power
ontrol game with pri
ing s
heme is superior to one without pri
ing. One de�
ien
y of thisgame setup, however, is that it does not guarantee so
ial optimality for the equilibriumpoints.The stru
ture of the model we propose for the power 
ontrol game departs from theearlier ones, and is very similar to the 
ow 
ontrol setting. We de�ne a 
ost fun
tion asthe di�eren
e of a linear pri
ing s
heme proportional to transmitted power and a loga-rithmi
, stri
tly 
on
ave utility fun
tion based on SIR of the mobile. Next, the existen
eand uniqueness of Nash equilibrium is proven for the most general 
ase. Based on astudy of Yates [9℄, one way to extend the model is to in
lude 
ertain SIR 
onstraints. Asan alternative, we suggest a pri
ing strategy to meet the given 
onstraints and analyzethe relation between pri
e and SIR. In addition, di�erent pri
ing strategies are investi-gated, and a suÆ
ient 
ondition is given for stability under two di�erent relevant updates
hemes.
5



For both models, we use extensive simulations using MATLAB in order to inves-tigate the 
onvergen
e, stability and robustness of the update algorithms. Moreover,we study the e�e
t of the various parameters of the models, espe
ially di�erent pri
ings
hemes. In order to make the simulations more realisti
 we introdu
e fa
tors like delayand disturban
es by varying the number of users in the network.The next two 
hapters deal with the 
ow 
ontrol problem, with Chapter 2 des
ribingthe model adopted, the solution pro
ess, and the update algorithms, and Chapter 3presenting simulation results. Chapters 4 and 5, on the other hand, deal with the power
ontrol problem, presenting both analyti
al derivation as well as results of simulationstudies. The thesis ends with the 
on
luding remarks of Chapter 6.

6



CHAPTER 2THE VARIABLE RATE MODEL WITH QOSGUARANTEES
In this 
hapter we introdu
e a variable rate model with QoS guarantees for InternettraÆ
. The existen
e and uniqueness of a Nash equilibrium is shown under two di�erentutility and 
ost fun
tions. Moreover, three relevant update algorithms: parallel, ran-dom, and gradient update are 
onsidered. A suÆ
ient 
ondition for the 
onvergen
e andstability of the update s
hemes is established.2.1 The Model and the Cost Fun
tionWe 
onsider a bottlene
k node in a general topology network, with a 
ertain level,C, of available bandwidth, whi
h is shared by N users or 
onne
tions. The ith user's
ow rate �i 
onsists of two parts: The guaranteed minimum 
ow rate �i;min and thevariable ex
ess 
ow rate, xi, de�ned as the di�eren
e of the total 
ow and the minimum
ow: xi = �i � �i;min. The guaranteed 
ow rate, �i;min, is negotiated between the userand the network at the time of the 
onne
tion setup and remains 
onstant thereafter. Asimilar approa
h 
an be found in Yai
he et al. [12℄. The guaranteed 
ow plays a 
ru
ialrole in meeting the QoS requirements ne
essary for RTT types. The problem of givingusers guarantees for their requested minimum 
ows while at the same time preserving thenetwork resour
es, bounded by the maximum available bandwidth C at the bottlene
knode, 
an be solved with the aid of an admission 
ontrol me
hanism.7



The proposed admission 
ontrol s
heme is market-based and has a 
ost stru
ture anda pri
ing stru
ture. Although it 
an be 
ompared with 
lassi
al 
all blo
king s
hemes,modeled often as M=M=s=s queues in 
ir
uit swit
hing [2℄, it di�ers in many respe
tsand has several advantages. In this s
heme, a new jth user, j = N + 1, requesting aminimum 
ow rate �j;min determines itself whether or not to initiate a session under theadmission pri
ing fun
tion: P 0j = kadmC � (�j;min +PNi=1 �i) (2.1)The 
onstant kadm is determined by the network for pri
ing purposes. The denom-inator term C � (�j;min +PNi=1 �i) is responsible for setting the pri
e of the resour
e,in this 
ase the bandwidth, dire
tly proportional to the total demand. The ex
hangeis given the right of denying the user the requested servi
e if the pri
e is higher thana 
ertain maximum threshold value. The me
hanism results in a \soft" 
all blo
kings
heme, where the de
ision of whether or not to blo
k a 
all is taken not only by thenetwork side but also by the user, depending on the demand of the parti
ular user forthe bandwidth at that instant. At the same time, the network resour
es are preventedfrom going down to dangerously low levels in 
ase of a 
ongestion.The market-based s
heme has the following advantages when 
ompared with 
lassi
aladmission s
hemes: First, the 
alls need not be identi
al in terms of their QoS require-ments. Users have the freedom to 
hoose the amount of bandwidth they request. Se
ond,
all blo
king is not determined only by the network. Users may in
uen
e this de
ision bytheir demand level, re
e
ted by the amount they are willing to pay for the 
onne
tion.Finally, the market-based approa
h ensures a fair distribution of resour
es, where pri
esare determined purely by supply and demand.The guaranteed 
ow rate �i;min, despite its ne
essity for real time appli
ations, isinherently in
exible. On
e the user negotiates with the network at the beginning ofthe 
onne
tion and is admitted to the system, the terms 
annot be 
hanged during the
onne
tion. It is 
on
eivable, however, that there might exist appli
ations that would8



demand additional bandwidth during the 
ourse of the 
onne
tion. In order to add this
exibility to the system, we 
onsider here a network game, in whi
h the ith user 
anregulate his ex
ess 
ow xi.We note that the ex
ess 
ow rate is elasti
; i.e., it has no QoS guarantees and isbounded above by the total available ex
ess bandwidthm. This is the remaining availablebandwidth after all guaranteed minimum 
ows are subtra
ted from the total 
apa
ity:m = C � NXi=1 �i;min (2.2)The proposed admission s
heme for minimum 
ow rate, in spite of its di�eren
es, 
anbe implemented similarly to 
lassi
al admission s
hemes. Therefore, we will fo
us here onthe ex
ess elasti
 
ow part of the model. The network game is de�ned at the bottlene
knode, using a spe
i�
 
ost fun
tion and a totally distributed 
ontrol s
heme, where endusers adjust their 
ow rates themselves. Consistent with the assumption of rationality,users minimize their 
osts, determined by their 
ost fun
tion. Overall 
ontrol of thenetwork is a
hieved through setting the pri
ing parameter and adjusting the maximumavailable 
apa
ity C, whi
h does not have to be the real physi
al 
apa
ity. Anotherfun
tion of the network is that it dete
ts and limits unresponsive 
ows in the 
ase ofusers with mali
ious intentions [3℄. Ea
h user may enter the network game for ex
essbandwidth and minimizes its 
ost by regulating its ex
ess 
ow rate xi after its 
onstant
ow rate �i;min is determined. A natural minimum for the 
ase where the user has nodemand for ex
ess bandwidth is xi = 0 or �i = �i;min. The intuitive explanation forthis is that the user is 
ompletely satis�ed with the prenegotiated 
onstant 
ow �i;min.Then, su
h a user does not need to enter the network game at all. Ex
luding su
h usersfrom the network game simpli�es the analysis. As a result, the number of users in thenetwork gameM 
an be less than the total number of users N orM < N . The remainingavailable bandwidth m is adjusted a

ordingly.The 
ost fun
tion for the users entering the game is de�ned as the di�eren
e betweenthe pri
ing and the utility fun
tions. This 
ost fun
tion not only sets the dynami
 pri
es,9



but also 
aptures the demand of a user for bandwidth. The �rst term of the 
ost fun
tion,pri
ing fun
tion, is de�ned as followsPi(�i) = kiC � �(�i � �i;min)2 + li�i;min (2.3)Here, � is the total 
ow of all users: � = �i+��i, where ��i is the sum of the 
ows of allusers ex
ept the ith one, and ki � 0 and li � 0 are pri
ing parameters determined by thenetwork. Noti
e that li 
an be 
onsidered the �xed pri
e the user pays for the guaranteedbandwidth �i;min. The pre
ise value of this parameter is, however, not that important,sin
e it does not a�e
t the optimal 
ow rate of the user. The pri
ing term not only setsthe a
tual pri
e, but also has the regulatory fun
tion of giving the user feedba
k aboutthe network status via the denominator term C � �. In queueing systems, this term isgenerally interpreted as the delay. In the present 
ontext, however, it has a feedba
kfun
tionality. As the sum of 
ows of users approa
h the 
apa
ity C, the denominatorapproa
hes zero, and hen
e the pri
e in
reases without bound. This preserves the networkresour
es by for
ing the users to de
rease their elasti
 
ows. Con
urrently, a proportionalrelationship between demand and pri
e is obtained, whi
h ensures that the pri
es are seta

ording to market for
es.In terms of 
lassi
al queueing theory, our approa
h might seem to lead to 
ounterin-tuitive behavior, in the sense that the users have to pay a higher pri
e for longer delays.But the same high 
ost is for
ing users to review their demand for the ex
ess bandwidthand de
rease their 
ows, if their utility from using the ex
ess bandwidth does not meetthe pri
e they pay. The proposed me
hanism a
hieves fairness in the sense that usersre
eive the amount of bandwidth proportional with their demand. It is expressed viathe pri
e they are willing to pay for the resour
e (the bandwidth). The status of thenetwork, total demand for bandwidth at any instant, also a�e
ts the pri
es and therebythe availability of the resour
e for the user. We wish to note that a similar but simpli�edstru
ture is widely a

epted and has been used in publi
 swit
hed telephone networks(PSTN) for years. In busy hours the users are 
harged higher pri
es than nights and10



weekends, although there is no di�eren
e in terms of the QoS they get, other than thedi�eren
e in total demand for the resour
e or servi
e.The se
ond part of the 
ost fun
tion, the utility fun
tion Ui, quanti�es the user's util-ity for having the bandwidth and 
aptures to some extent the \human fa
tor." Althoughit 
annot be exa
tly known to the network, some statisti
al estimates 
an be 
olle
ted,taking into a

ount habits of spe
i�
 type of a user over a 
ertain time period. A reason-able assumption is to de�ne it as stri
tly 
on
ave for elasti
 
ows. As widely used anda

epted in e
onomi
s, a logarithmi
 fun
tion 
an be 
hosen as the best approximationto the utility fun
tion of the user in this 
ase.In order to 
apture the properties of real time traÆ
 to the fullest extent, the utility ofthe ith user Ui is examined in two parts: The ex
ess utility fun
tion U ei , de�ned in termsof the ex
ess 
ow rate xi � 0, quanti�es the user's demand for ex
ess bandwidth. Onthe other hand, the utility for the region xi < 0 is des
ribed with either a stri
tly 
onvexfun
tion that models the requirements of the real time traÆ
 from the user's point ofview or a zero fun
tion. In both 
ases, if the user's 
ow rate is less than the guaranteed
ow rate �i;min the general utility drops fast to zero. Having more than the minimumrate, on the other hand, might not in
rease the utility when the user has no demand forex
ess bandwidth. In this 
ase, the utility fun
tion Ui is either a simple step fun
tion orstri
tly 
onvex in the region �i < �i;min, and U ei is a 
onstant. In a

ordan
e with theprevious dis
ussion, we ex
lude su
h users from the network game.For the 
ase where the user demands ex
ess bandwidth, the utility fun
tion Ui isformulated in the general form, with the aid of ex
ess utility U ei :Ui(�i) = 8<: U ei (xi); �i � �i;minf(�i); �i < �i;min (2.4)where f(�i) is either stri
tly 
onvex and in
reasing or zero in the limiting 
ase. Due tothe nature of RTT, f(�i) is bounded above by a 
onstant di, implying the utility obtainedfrom the minimum 
ow �i;min. Additionally, we assume Ui to be 
ontinuous, unless f(�i)11



is zero. As a result, we 
apture a broad range of utility fun
tions for traÆ
 types of lowelasti
ity.Under the assumption of logarithmi
 utility, a possible realisti
 utility fun
tion for auser demanding ex
ess 
ow 
an be de�ned in terms of xi:U ei (xi) = ln(1 + xi) + di ; xi � 0 8i (2.5)Figure (2.1) shows two typi
al utility fun
tions.
Utility Functions

Flow rate

U
ti
lit

y

lambda
minFigure 2.1 Two sample utility fun
tions with logarithmi
 ex
ess utility.Based on the given pri
ing and utility fun
tions, the 
ost fun
tion is simply P � U .In other words, the 
ow rate of a user results from the intera
tion between pri
e anddemand in terms of ex
ess 
ow:

Ji(xi; x�i) = 8>><>>: kix2im� (xi + x�i) � ln(1 + xi) + ei; xi � 0kix2im� (xi + x�i) + li�i;min � f(xi + �i;min); xi < 0 (2.6)where ei � li�i;min � di is a 
onstant and has no e�e
t in the optimization pro
ess.The same 
ost fun
tion for the ith user 
an also be expressed in terms of the total
ow of the user, whi
h we also denote by Ji, by a slight abuse of notation:12



Ji(�i; ��i) = 8><>: kiC � �(�i � �i;min)2 + li�i;min � ln(1 + �i � �i;min)� di; �i � �i;minkiC � �(�i � �i;min)2 + li�i;min � f(�i); �i < �i;min(2.7)Noti
e that the ex
ess utility fun
tion is de�ned only in the region where �i > �i;min,and utility for the remaining part is de�ned by the 
onvex fun
tion f(�i). In the nextse
tion, we will revisit this point and show that a Nash equilibrium 
annot o

ur in theregion xi � 0 for any i, even if xi � 0 is allowed.A drawba
k of the realisti
 utility fun
tion above is that it leads to nonlinear rea
tionfun
tions for the users. Therefore, an analyti
al analysis of the 
ost fun
tion with thisutility is very diÆ
ult and limited, if not impossible, even though an existen
e anduniqueness result (on Nash equilibria) 
ould be obtained, as we will do in next se
tion.In order to make the analysis tra
table, however, for expli
it results, we will use linearutility fun
tions for the users, whi
h leads to a set of linear equations as rea
tion fun
tions.A

ordingly, we will take as the utility fun
tion of user i:U ei (xi) = aixi + di (2.8)where ai is a positive 
onstant not ex
eeding 1. One possible interpretation for the linearutility is that it 
onstitutes a linear approximation to the a
tual utility fun
tion at anypoint �i. In this 
ase, the system is analyzed lo
ally in the vi
inity of the 
hosen point�i = xi + �i;min. The parameter ai is the slope of the utility fun
tion at that point:ai � �U ei (xi)�xi ) ai � 1 ; 8i (2.9)The 
ost fun
tion (2.7) based on the linear utility fun
tion (2.8) is given by:
Ji(xi; x�i) = 8>><>>: kix2im� (xi + x�i) � aixi + ~ei; xi � 0kix2im� (xi + x�i) + li�i;min � f(xi + �i;min); xi < 0 (2.10)

13



where ~ei � (li � ai)�i;min � di.Another interpretation for the linear utility would be from a worst-
ase perspe
tive.The 
onstant ai 
an be 
hosen so as to provide an upper bound for marginal utility, orthe slope of the logarithmi
 fun
tion at any given point �:ai = maxxi �U ei�xi () ai = maxxi 11 + xi ) ai = 1 ; 8i (2.11)The upper bound value is basing again on the assumption that xi � 0 for all i. Theparameter di is the same as in Equation (2.5), and sin
e it is a 
onstant, it 
an be ignoredin the subsequent optimization step. It will be shown later that, given the 
ow rates ofall other users, x�i, the optimal 
ow rate of the ith user under linear utility with ai = 1is always higher than the one under logarithmi
 utility.Noti
e that the same 
ost fun
tion stru
ture (2.10) is arrived at in both lo
al andworst-
ase analyses, with ai 
hosen as des
ribed above. Combining the worst-
ase andlo
al analyses in a single step simpli�es the problem at hand signi�
antly.2.2 Existen
e and Uniqueness of Nash EquilibriumWe �rst show the existen
e of a unique Nash equilibrium for the logarithmi
, nonlinearmodel, des
ribed by the 
ost fun
tion (2.6). Next, we give a similar result under thelinear utility 
ost fun
tion (2.10). Additionally, we derive the rea
tion fun
tions for thelinear 
ase and 
al
ulate the equilibrium point expli
itly. We 
on
lude the se
tion witha proposition justifying the use of the worst-
ase linear utility fun
tion analysis.2.2.1 Uniqueness under logarithmi
 utility fun
tionThe optimization problem of a single ith user, de�ned as the minimization of the 
ostfun
tion (2.6), is solved under the following 
onstraints:
14



xi > 0 (2.12)xi < m� x�i ; 8i (2.13)The �rst 
onstraint is di
tated by the fa
t that the ith user has requested a 
ow rateof at least �i;min. The se
ond 
onstraint is a physi
al 
apa
ity 
onstraint, whi
h impliesthat the aggregate sum of all 
ows at a node 
annot ex
eed its total 
apa
ity.Di�erentiating the 
ost fun
tion (2.6) of the ith user with respe
t to xi everywhereex
ept at xi = 0, we obtain:�Ji(x)�xi = 8>><>>: kx2i + 2kixi[m� (xi + x�i)℄[m� (xi + x�i)℄2 � 11 + xi ; xi > 0kx2i + 2kixi[m� (xi + x�i)℄[m� (xi + x�i)℄2 � �f(xi + �i;min)�xi ; xi < 0 ; 8i (2.14)Noti
e that �f(�i)�xi is nonnegative by the de�nition of f(�i). Hen
e, (2.14) attainsnegative values in the interval xi < 0, for ea
h i. Moreover, the 
ost at xi = 0 is alwayshigher than the 
ost in the region xi > 0, sin
e the fun
tion f(�i) is bounded aboveby the 
onstant di > 0. In other words, a user 
an de
rease the 
ost by in
reasing the
ow. By the de�nition of Nash equilibrium, a single user 
annot improve his situationat equilibrium by unilaterally 
hanging his own strategy, or 
ow rate in this 
ase, giventhe 
ow rates of other users. Thus, the optimal point x�i has to be stri
tly positive.For the se
ond 
onstraint, it 
an be observed that the 
ost fun
tion (2.6) of the ith userbe
omes positive unbounded as x�i approa
hes m� x��i. Again, the user 
an de
rease its
ost unilaterally by de
reasing his 
ow rate, and hen
e the boundary point x�i = m�x��i
annot be an optimal point. The 
on
lusion, therefore, is that every Nash equilibriumhas to be an inner solution.Theorem 2.1 There exists a unique Nash equilibrium in the network game with usershaving a logarithmi
 utility fun
tion.
15



Proof: Let r be an M -dimensional ve
tor with all 
omponents positive. De�ne thepseudogradient ve
tor: g(x; r) = 0BBB� r1rx1J1(x1; x�1)...rMrxMJM(xM ; x�M) 1CCCA (2.15)In view of Theorem 2 of Rosen [13℄, there exists a unique Nash equilibrium, ifMXi=1 (x1i � x0i )ri[rxiJ1(x0i ; x0�i)�rxiJ1(x1i ; x1�i)℄ > 0 (2.16)for any two 
ow ve
tors x1 and x0 with elements x0i and x1i 
onstrained a

ording to (2.12)and (2.13).De�neG(x; r) as the Ja
obian of g(x; r) with respe
t to x. In order for 
ondition (2.16)to hold, it is suÆ
ient to show that the symmetri
 matrix [G(x; r) +G0(x; r)℄ is positivede�nite (see Theorem 6 in Rosen [13℄). Hen
e, positive de�niteness of [G(x; r)+G0(x; r)℄is a suÆ
ient 
ondition for the existen
e and uniqueness of a Nash equilibrium.Di�erentiate the 
ost fun
tion (2.6) for the ith user twi
e with respe
t to xi and de�neBi asBi � �2J(x)�x2iBi � 4kixi[m� (xi + x�i)℄2 + 2kix2i[m� (xi + x�i)℄3 + 2ki[m� (xi + x�i)℄ + 1(1 + xi)2 (2.17)where xi � 0. Also de�ne Ai;j in the same region for any 1 � i; j � M with j 6= i, as:Ai;j � �2Ji(x)�xi�xj = 2kixi[m� (xi + x�i)℄2 + 2kix2i[m� (xi + x�i)℄3 (2.18)To simplify the notation, we drop the indi
es i and j for the rest of analysis as it appliesto all users. The pri
ing parameter was de�ned as ki > 0. Using the 
onstraints (2.12)and (2.13), we obtain the following:A > 0 ; B > 0 ; B > A (2.19)16



It is now suÆ
ient to show the positive de�niteness of [G(x; r) + G0(x; r)℄ for someve
tor r. A natural 
hoi
e for r is r = [1 1 : : : 1℄0. From (2.17) and (2.18) we obtain:
[G(x; 1) +G0(x; 1)℄ = 20BBBBBB�B A � � � AA B A... . . . ...A A � � � B

1CCCCCCAM�M =: 2(G1 + G2) (2.20)where the M �M matri
es G1 and G2 are de�ned as:G1 := (B � A)I ; G2 := A0BBB�1 � � � 1... . . . ...1 � � � 1 1CCCAM�M (2.21)where I is theM�M identity matrix. Sin
e B�A > 0, the matrix G1 is positive de�nite.Furthermore, sin
e A > 0, G2 is nonnegative de�nite, with one positive and M � 1 zeroeigenvalues. Hen
e (2.20) is positive de�nite, and the suÆ
ient 
ondition of Rosen [13℄for existen
e of a unique Nash equilibrium is satis�ed.Finally, we 
he
k the boundary 
onditions. First set of boundary points are theones where xi = 0 for one or more users. Sin
e these users 
an de
rease their 
ostsby in
reasing their 
ow rate as indi
ated in (2.14), this set of points fail as equilibriumpoints by de�nition. Similarly, the se
ond set of boundary points, for whi
h P x�i = m,do not qualify as a Nash equilibrium. In 
on
lusion, there exists a unique, feasible Nashequilibrium whi
h is the inner solution for the given 
onstraints.2.2.2 Uniqueness under linear utility fun
tionHere, we show the existen
e of a unique Nash equilibrium for the 
ost fun
tion withlinear utility. Furthermore, exploiting the linearity of rea
tion fun
tions, we 
al
ulatethe equilibrium point expli
itly. The analysis in this se
tion applies not only to theworst-
ase analysis but also to the lo
al analysis, where the logarithmi
 utility fun
tionis approximated by a linear fun
tion. 17



Again, ea
h user minimizes his 
ost fun
tion (2.6), subje
t to the 
onstraints givenin (2.12) and (2.13). First, assuming an inner solution, we have for the ith user�Ji(x)�xi = kx2i + 2kixim� 2kixi(xi + x�i)(m� (xi + x�i))2 � ai = 0 (2.22)whi
h 
an be solved for xi, to lead toxi = (m� x�i)[1�r kiki + ai ℄ (2.23)The solution with the plus sign is eliminated in view of the 
onstraint m� x�i � xi;hen
e, the only feasible solution is the one with the minus signxi = (m� x�i)[1�r kiki + ai ℄ � mqi � qix�i (2.24)where qi � 1�r kiki + ai (2.25)To 
omplete the derivation, we now 
he
k the boundary solutions. For the boundarypoint xi = 0, we observe from (2.22) that �Ji(x)�xi = �ai, whi
h means the user 
an de
reasehis 
ost by in
reasing xi. Hen
e, this 
annot be an optimal point. For the other boundarypoint xi = m� x�i, we observe that at that point the 
ost goes to in�nity. As a result,the inner solution is the unique optimal point for the 
onstrained optimization problemof the ith user, for ea
h �xed x�i < m. We observe from (2.24) that the unique optimal
ow for the ith user is a linear fun
tion of the aggregate 
ow of all other users. Thisset of M equations 
an now be solved for xi; i = 1; : : : ;M . To ease the notation, let�x := xi + x�i. Then, (2.24) 
an be rewritten asxi = mqi � qi(�x� xi)) xi = qi1� qim� qi1� qi �x: (2.26)Sum both sides from 1 to M , and let � :=PMi=1 qi1�qi . Then,�x = �m� ��x) �x = �1 + �m (2.27)18



Note that � is well de�ned and positive, sin
e 0 < qi < 1 ; 8i. Hen
e �x < m, thussatisfying the underlying 
onstraint. Finally, substituting �x above into the expression forxi (in terms of �x), yields the following unique solution to (2.24):x�i = 11 + � qi1� qim ; i = 1; : : : ;M (2.28)Note that (2.28) is feasible sin
e it is stri
tly positive, andPMi=1 x�i < m. We summa-rize this result in the following theorem, whose proof follows from the foregoing derivation:Theorem 2.2 There exists a unique Nash equilibrium in the network game with usershaving linear utility fun
tions, and it is given by (2.28).We 
on
lude the se
tion with an important proposition, justifying the worst-
aseanalysis based on linear utility fun
tions.Proposition 2.1 Given the total 
ow rates of all users ex
ept the ith one, x�i =Pj 6=i xj,the optimal 
ow rate of the ith user, xopti;nonlin, having a logarithmi
 utility and the 
ostfun
tion (2.6) is less than the rate xopti;lin when the same user has the linear utility (2.8)with ai = 1 and 
ost fun
tion (2.10).Proof: The optimal solution of the ith user was already shown to be an inner solution.Di�erentiating the linear utility 
ost, Ji;lin, given by (2.10), and the logarithmi
 utility
ost, Ji;nonlin, given by (2.6), both with respe
t to xi, we obtainJ 0i;lin = P 0i � U 0i;lin = P 0i � 1 (2.29)J 0i;nonlin = P 0i � U 0i;nonlin = P 0i � ai; 0 < ai � 1 (2.30)where a prime denotes partial derivative with respe
t to xi. The pri
ing fun
tion Piin (2.3) is unimodal with a global minimum at xi = 0. Hen
e, for xi � 0, P 0i is a monotonein
reasing fun
tion passing through the origin. Hen
e, the point at whi
h (2.29) is zero isno smaller than the point at whi
h (2.30) is zero, that is, xopti;nonlin � xopti;lin. This 
ompletesthe proof. 19



The intuitive explanation of this result lies in the high marginal demand of worst-
aseutility, a = 1. The marginal demand of a user with linear utility is higher than the onewith logarithmi
 utility. The proposition above is based on this di�eren
e in demand.2.3 Update Algorithms and StabilityIn the previous se
tion, it was shown that a unique equilibrium point exists underdi�erent 
ost fun
tions, where ea
h user attains a minimum 
ost, given 
ow rates ofthe other users. In a distributed environment, however, ea
h user a
ts independentlyand 
onvergen
e to this point does not o

ur instantenously. There exist various itera-tive update s
hemes with di�erent 
onvergen
e and stability properties [6℄. We 
onsiderhere three asyn
hronous update s
hemes relevant to the proposed model: PUA (parallelupdate algorithm), whi
h is also known as Ja
obi algorithm; RUA (random update algo-rithm); and GUA (gradient update algorithm), also known as Ja
obi overrelaxation [14℄.For the spe
i�
 model at hand, individual users do not need to know the spe
i�
 
owrates of other users, ex
ept their sum. This feature is of great importan
e for possibleappli
ations as it simpli�es the information 
ow within the system substantially.2.3.1 Parallel update algorithmIn PUA, the users optimize their 
ow rates at ea
h iteration in dis
rete time intervals: : : n�1; n; n+1 : : :. If the time intervals are 
hosen to be longer than twi
e the maximumdelay in the transmission of 
ow information, it is possible to model the system as anideal, delay-free one. In a system with delays, there are subsets of users, updating their
ows given the delayed information on the 
ow.One important feature of PUA is that the users are myopi
. They optimize their 
owrates based on instant 
osts and parameters, ignoring future impli
ations of their a
tions.In a delay-free system, this behavior a�e
ts 
onvergen
e rate adversely as it will be seenin the simulations. 20



For the 
ase of the nonlinear 
ost fun
tion (2.6), the players use either nonlinearprogramming methods to minimize their 
ost at ea
h iteration, or they use the rea
tionfun
tion dire
tly. The analyti
al solution to the optimization problem of the ith userturns out to be the root of the third-order equation:kix3i + (2ki(m� x�i) + k � 1)x2i + (2(k + 1)(m� x�i))xi + [m� xi℄2 = 0 (2.31)Only one root of this equation, denoted ~xi, is feasible: 0 < ~xi < m. The 
losed-formsolution for this root is at the same time the rea
tion fun
tion, whi
h is highly nonlinearin 
ontrast to the linear rea
tion fun
tion given by (2.24). As the root of (2.31) involvesa 
ompli
ated expression, we write the nonlinear rea
tion fun
tion of the ith user onlysymboli
ally: x(n+1)i = f(x(n)�i ; ki) (2.32)Stability and 
onvergen
e of the system is as important as the existen
e of a uniqueequilibrium. In an unstable system, the 
ow rates may os
illate inde�nitely if there is adeviation from equilibrium. Or, if the system does not have the global 
onvergen
e prop-erty, there exists the possibility of not rea
hing the equilibrium at all through iterationstarting at an arbitrary feasible point. We now study the 
onvergen
e of PUA. For thelinear 
ase, the update fun
tion for the ith user is (from (2.24))x(n+1)i = mqi � qix(n)�i 8i; n (2.33)where qi was de�ned in (2.25). Let 4xi = xi � x�i , where x�i is the 
ow rate of the ithuser at Nash equilibrium and 4x(n)i is the di�eren
e between the user's 
ow rate at thenth instant and its �nal equilibrium 
ow. Then we have4x(n+1)i = �qi4x(n)�i ; 8i (2.34)Let k�xk = maxi j�xij (2.35)21



and note that, from (2.34):k�x(n+1)k � (M � 1)maxi jqij k�x(n)k (2.36)Clearly, we have a 
ontra
tion mapping in (2.34) if (M � 1)maxi jqij < 1. Thus, thefollowing suÆ
ient 
ondition ensures the stability of the system with linear utility underthe PUA algorithm: jqij � 1M ; i = 1; : : : ;M (2.37)One trivial way of meeting this 
ondition is to set qi = 1M ; i = 1; : : : ;M . From (2.25),(2.37) translates into the following stability 
onstraint on the pri
ing parameters, ki :ki � (M � 1)22M � 1 ai (2.38)Noti
e that these apply not only to the analysis in the linear-utility 
ase but alsoto the lo
al analysis of the nonlinear-utility 
ost fun
tion (2.6). Thus, the system islo
ally stable and 
onvergent under PUA if the 
ondition above is satis�ed. Next, weshow that the system not only has lo
al stability and 
onvergen
e property but also isglobally stable and 
onvergent for the nonlinear 
ost. Before pro
eeding with the proof,we present the following two useful lemmas.Lemma 2.1 For any feasible point xo = x(n) at time n, let x(n+1)i be the out
ome ofthe ith user's nonlinear rea
tion fun
tion (2.32). If x(n)i > x�i , where x� is the uniqueequilibrium, then x(n+1)i � x(n)i .Proof: Assume that x(n+1)i > x(n)i > x�i . Given the 
ow rate, x(n)i , of the ith user at anytime instant n, we linearize the logarithmi
 utilility Ui given in (2.5) around this value,and turn it into (2.8) by de�ningai := �U (n)i�xi = 11 + x(n)i (2.39)
22



Thus, the nonlinear rea
tion fun
tion (2.32) is linearized to (2.33) at x(n)i . Using ai >�U(n+1)i�xi and following an argument similar to that in Proposition 2.1, the resulting 
owx(n+1)i;lin provides an upper bound on x(n+1)i . Combined with the 
ontra
tion property oflinear rea
tion fun
tion, we obtainx(n+1)i < x(n+1)i;lin < x(n)i (2.40)Obviously, (2.40) 
ontradi
ts the assumption made, and hen
e x(n+1)i � x(n)i .Lemma 2.2 For any feasible point xo = x(n) at time n, if x(n)i < x�i , then x(n+1)i � x(n)i .Proof: The proof is very similar to the one of Lemma 2.1. Suppose that x(n+1)i < x(n)i <x�i . Then, it 
an be shown that ai < �U(n+1)i�xi , and x(n+1)i;lin provides a lower bound on x(n+1)i .Again using the 
onta
tion property,x(n+1)i > x(n+1)i;lin > x(n)i (2.41)As (2.41) 
ontradi
ts the initial hypothesis, x(n+1)i � x(n)i .Theorem 2.3 The system is globally 
onvergent and stable under PUA, for both thelinear and logarithmi
 utility 
ost fun
tions (2.6) and (2.10), under the suÆ
ient 
ondi-tion (2.38).Proof: The 
onvergen
e result for the linear utility 
ase was obtained above. In prin
iple,it is also possible to derive the global 
onvergen
e result for the logarithmi
 utility 
ase,using the same method, and the rea
tion fun
tion (2.32) is used instead of the rea
tionfun
tion of the linear 
ase. The rea
tion fun
tion (2.32) is obtained as one of the rootsof the third order Equation (2.31) and is highly nonlinear. Hen
e the method based onrea
tion fun
tions be
omes pra
ti
ally intra
table. We will, therefore, make use of thelo
al and worst-
ase analysis to obtain the global 
onvergen
e result. As in Lemma 2.1,the nonlinear rea
tion fun
tion (2.32) 
an be linearized to (2.33) at x(n)i . Also, note thatthe existen
e of a unique feasible Nash equilibrium, 0 < x�i < m, was already establishedfor the network game. 23



For any feasible initial point x0 we have the following 
ases for the ith user:In the �rst 
ase, x(n)i > x�i , where x(n)i = xi;0 is the starting point. A

ording toLemma 2.1, there are two possibilities: x�i < x(n+1)i < x(n)i and x(n+1)i < x�i < x(n)i .The former 
ase results in a monotone de
reasing sequen
e bounded below by x�i , whi
htherefore 
onverges to the equilibrium. The latter 
ase leads to an os
illating sequen
earound the equilibrium.In the se
ond 
ase, x(n+1)i < x�i , where x(n+1)i 
an be 
onsidered as the starting pointat any time instant (n + 1). Again by Lemma 2.2, there are two possibilities: x�i >x(n+1)i > x(n)i and x(n+1)i > x�i > x(n)i . Similar to the previous 
ase, the former leads to amonotone in
reasing sequen
e bounded above by x�i , thus 
onverging to the equilibrium.The latter results again in an os
illating sequen
e around the equilibrium. In order toanalyze it, one 
an de�ne the relative distan
e to equilibrium as 4x(n)i := x(n)i � x�i .If x(n+1)i > x(n)i , then the linearized rea
tion fun
tion at x(n)i provides an upper bound,x(n+1)i;linear, on x(n+1)i , following an argument similar to the one in Proposition 2.1. The fa
tthat �U(n)i�xi < a(n)i justi�es the given bound. Using the 
ontra
tion property of linearizedrea
tion fun
tion (2.34) and the worst-
ase bound above, we obtain4x(n+1)i;linear < 4x(n)i < 4x(n)i;linear ; 8i (2.42)For x(n+1)i < x(n)i , following a similar argument, it is easy to show that the rela-tion (2.42) also holds. Therefore, in the 
ase of an os
illating sequen
e around theequilibrium, we have shown that, at ea
h iteration lo
ally linearized 
ows provide a de-
reasing upper bound to the iterates of the nonlinear rea
tion fun
tion for the distan
eto equilibrium. Figure 2.2 summarizes this dis
ussion graphi
ally.The 
ow rate of any ith user 
onverges to the unique Nash equilibrium and the nonlin-ear system is stable and globally 
onvergent from any feasible initial point x0. We notethat the proof is based on the 
onvergen
e of the linear system, whi
h is required for the
onvergen
e of the nonlinear system. Moreover, 
ondition (2.37), or equivalently (2.38),is suÆ
ient for the 
onvergen
e of the iteration 
orresponding to linear and nonlinearrea
tion fun
tions. 24
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(a) (b)Figure 2.2 Comparison of nonlinear, lo
ally linearized: ai = 11+xi and linear worst-
ase:ai = 1 
ow rates (a). Distan
e to equilibrium, nonlinear and lo
ally linearized (b).2.3.2 Random update algorithmRUA is a sto
hasti
 modi�
ation of PUA. The users optimize their 
ow rates indis
rete time intervals and in�nitely often, with a prede�ned probability 0 < pi < 1.Thus, at ea
h iteration a random set of users among the M update their 
ow rates.Again, the users are myopi
 and make instantaneous optimizations. In the limiting 
ase,pi = 1, RUA is the same as PUA. The nonideal system with delay is also similar to PUA.The users make de
isions based on delayed information at the updates, if the round tripdelay is longer than the dis
rete time interval.For the linear-utility 
ase (2.6) with linear rea
tion fun
tion (2.24), the update s
hememay be formulated for the ith user as follows:x(n+1)i = 8<: mqi � x(n)�i qi ; with probability pix(n)i ; with probability 1� pi (2.43)25



Subtra
ting x�i from both sides, we obtain4x(n+1)i = 8<: �qi4x(n)�i ; with probability pi4x(n)i ; with probability 1� pi (2.44)Taking the absolute value of both sides, and then taking expe
tations, lead toEj4x(n+1)i j � piqiEj4x(n)�i j+ (1� pi)Ej4x(n)i j� piqiPMj=1Ej4x(n)i j+ (1� pi(1 + qi))Ej4x(n)i j (2.45)Choosing pi � 11+qi , this 
an further be bounded byEj4x(n+1)i j � pi � qi MXj=1 Ej4x(n)j j (2.46)and summing over all users we obtainMXi=1 Ej4x(n+1)i j � ( MXi=1 pi � qi) � MXi=1 Ej4x(n)i j (2.47)If PMi=1 piqi < 1, �(n) :=PMi=1Ej4x(n)i j is a de
reasing positive sequen
e, and hen
e
onverges to zero. This implies 
onvergen
e of ea
h individual term in the summation tozero, whi
h in turn says that x(n)i ! x�i ; i = 1; : : : ;M , with probability 1. Noti
e thatthe suÆ
ient 
ondition for the stability of PUA (2.37) also guarantees the stability ofRUA for the linear utility 
ase.The question now 
omes up as to the 
hoi
e of pi that would lead to fastest 
onvergen
ein (2.47), whi
h we will 
all the optimal update probability. Maheswaran and Ba�sar [15℄shows that in a quadrati
 system without delay, one 
an �nd a bound for optimal updateprobability popt � 23 , as number of users goes to in�nity. Repeating the same analysis forthis model and linear 
ost fun
tion leads to an exa
t update probability popt = 23 , whi
his optimal for a large number of users.The stability and 
onvergen
e results obtained also apply to the lo
al analysis ofthe nonlinear utility fun
tion as in PUA. Hen
e the nonlinear utility 
ase is lo
ally sta-ble under RUA. Moreover, Lemma 2.1 and Lemma 2.2 are valid for RUA, and hen
eTheorem 2.3 holds, indi
ating the global stability of the algorithm.26



2.3.3 Gradient update algorithmGUA 
an be des
ribed as a relaxation of PUA. For this s
heme, we de�ne a relaxationparameter si ; 0 < si < 1 for the ith user, whi
h determines the step size the user takestowards the equilibrium solution at ea
h iteration.For the linear utility 
ase, the algorithm is de�ned as:x(n+1)i = x(n)i + si � [(mqi � x(n)�i qi)� x(n)i ℄ 8i; n (2.48)Di�erent from both PUA and RUA, the users are not myopi
 in this s
heme. Althoughthey seem to 
hoose suboptimal 
ow rates at ea
h iteration instead of exa
t optimalsolutions, they bene�t from this strategy by rea
hing equilibrium faster. GUA, despite itsdeterministi
 nature like PUA, is very similar to RUA in analysis. When 
ompared withPUA, as we observe in simulations, GUA 
onverges faster to Nash equilibrium than PUAin highly loaded delay-free systems, where there is a high demand for s
ar
e resour
esand users a
t simultanously. An intuitive explanation 
an be made using the fa
t thatequilibrium point is quite dynami
 in loaded systems during iterations. In PUA, usersupdate their 
ows as if it is stati
, while in GUA, users behave more 
autiously and donot rush to the temporary equilibrium point at ea
h iteration. So, in GUA we do not seewide 
u
tuations in 
ow rates, whi
h, however, 
an be seen in PUA. One 
an interpretthe relaxation parameter si also as a measure of this 
aution. Another advantage ofGUA, its relative insensitivity to delays in the system, 
an also be explained with thesame reasoning.A similar but deterministi
 version of the 
onvergen
e analysis of RUA for the linearutility fun
tion yields the same 
onvergen
e result as in RUA, ex
ept that pi is repla
edwith si: 4x(n+1)i = (1� si)4x(n)i � si � qi MXj 6=i 4x(n)j (2.49)) j4x(n+1)i j � (1� si)j4x(n)i j+ si � qi MXj 6=i j4x(n)j j ; 8i (2.50)27



Choosing si � 11+qi , and imposing the 
ondition PMi=1 siqi < 1, the 
ow rates of theusers 
onverge to the unique equilibrium as in other s
hemes. Using (2.48), we obtain:As n!1 x(n+1)i = x(n)i ) x�i = mqi � x��iqi ; 8i (2.51)The suÆ
ient 
ondition (2.37) also guarantees the stability of GUA for the linearutility 
ase. Moreover, sin
e the GUA is a modi�
ation of PUA, it 
an be shown thatLemmas 2.1 and Lemma 2.2 hold for the GUA as well. Thus, the stability results of theRUA are dire
tly appli
able to GUA for both the linear and nonlinear rea
tion fun
tions.Next, we investigate the possibility of �nding an optimal relaxation parameter s forthe linear utility 
ase, in the sense that it leads to fastest 
onvergen
e to the equilibrium.In order to simplify the analysis we assume symmetri
 users, resulting in qi = q = 1M , andsi = s ; 8i. For the spe
ial 
ase of symmetri
 initial 
onditions, we obtain from (2.48):4x(n+1)i = [1� s(1 + (M � 1)q)℄4x(n)i (2.52)The value of s, leading to fastest 
onvergen
e in this 
ase issopt = 11 + (M � 1)=M ) limM!1 sopt = 0:5 (2.53)whi
h leads to one-step 
onvergen
e.For the general 
ase, however, it is not possible to �nd a unique optimal value of s,as di�erent starting points for users that result in di�erent 4xi at ea
h iteration a�e
tthe optimal value of s. Using simulations, we 
on
lude that the optimal value of s for adelay-free linear system should be in the range 0:5 < sopt < 1.The analysis for the linear utility 
ase applies to the nonlinear utility 
ase lo
ally,giving the same lo
al stability and 
onvergen
e results. One 
an show that in addition tothe lo
al results, global 
onvergen
e and stability of PUA also apply to GUA. Therefore,GUA 
onverges globally to the unique equilibrium in the nonlinear utility 
ase. As willbe shown in numeri
al examples, GUA be
omes advantageous only under heavy load,and loses its fast 
onvergen
e property in lightly loaded systems.28



CHAPTER 3SIMULATION OF THE VARIABLE RATE MODEL
Ea
h update s
heme analyzed in the previous se
tion is simulated using MATLAB.The proposed model is tested through extensive simulations for both nonlinear and linearrea
tion fun
tions. The latter 
an be 
onsidered as either worst-
ase analysis or lo
alapproximation to the nonlinear utility 
ost. The system is simulated �rst without delayunder all three update s
hemes: PUA, RUA, and GUA. Next, in the se
ond group ofsimulations, uniformly distributed delays are added to the system for a more realisti
analysis. The 
onvergen
e rate is measured as the number of iterations required torea
h the unique Nash equilibrium. As a simpli�
ation, we assumed symmetri
 users inmost 
ases, where 
ost parameters like a; k; q, and update probability p for RUA, andrelaxation parameter s for GUA are not user spe
i�
. Starting 
ondition for simulationsis the origin, i.e., zero initial 
ow, unless otherwise stated. The following 
riterion is usedas the stopping 
riterion, where M is the total number of users.MXi=1 jx(n+1)i � x(n)i j � M � � (3.1)The stopping distan
e is 
hosen suÆ
iently small, � = 10�5, for a

ura
y in all simula-tions.

29
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(a) (b)Figure 3.1 Flow rates versus iterations to equilibrium in 
ase of symmetri
 users andPUA (a). Convergen
e rate of PUA for di�erent values of k (b).3.1 Simulations for Delay-Free CaseThe 
onvergen
e of the update algorithms for di�erent numbers of users, as a 
ru
ialparameter, is investigated throughout the analysis. We �rst implemented, however, thebasi
 PUA algorithm with M = 20 users with linear rea
tion fun
tions and a = 1indi
ating a high demand for bandwidth. The pri
e parameter k = 10 is 
hosen toensure stability. From Figure 3.1(a), we observe the undesirable, wide os
illations in 
owrates of users, whi
h is a disadvantage of PUA under a heavily loaded delay-free system.In this 
ase, although the number of users is small, the low value of pri
ing parameter kloads the system. Absen
e of delay in the system also 
ontributes to the instantaneousload, as the users a
t simultaneously. The instantaneous demand a�e
ts the 
onvergen
erate signi�
antly in delay-free systems, espe
ially under PUA.Another important parameter in the system is the pri
e, k. The impa
t of the pri
eon the system is investigated in the next simulation. Figure 3.1(b) shows the e�e
t ofvarying the pri
ing parameter k under PUA. Again, there are M = 20 users. It 
an beobserved that as the pri
e in
reases, the 
onvergen
e rate drops. An intuitive explanationfor this phenomenon is based on the e�e
t of pri
e on the demand of users. An in
reasein pri
e results in a de
rease in demand and system load, leading to faster 
onvergen
e.Even though the simulation here is for a delay-free linear-utility system, varying the pri
e30



leads to similar results under all update s
hemes for both linear and nonlinear rea
tionfun
tions.Theoreti
al 
al
ulations based on linear utility, in the previous se
tion, show thatthe minimum value of k satisfying the stability 
riterion is 9:2 for this spe
i�
 
ase. Thebound (2.38) is only a suÆ
ient 
ondition for stability, whi
h is veri�ed in this simulationby observing the 
onvergen
e of system for k = 9. The large number of iterations required,on the other hand, indi
ates the tightness of the bound.The next set of simulations investigates the two basi
 parameters of RUA:M , numberof a
tive users, and, p, the update probability. The simulation results in Figure 3.2(a)verify the theoreti
al analysis in the previous se
tion for linear utility 
ost. It is observedthat with the in
reasing number of users the optimal update probability gets 
loser tothe value 2=3. For 
ompleteness, the same simulation is repeated for the logarithmi
utility 
ost. Interestingly, we obtained similar results, as shown in Figure 3.2(b). Dueto the stru
ture of logarithmi
 utility fun
tion, the demand of users is less than in thelinear utility 
ase, and hen
e the system is not loaded as mu
h as in the linear 
ase.For the same number of users, we observe that the optimal update probability shifts tohigher values. As a 
on
lusion, Figure 3.2(b) 
an be 
onsidered as a stret
hed version ofFigure 3.2(a), due to the 
hange in load.
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(a) (b)Figure 3.2 Convergen
e rate of RUA as M gets larger, for di�erent update probabilities0 < p < 1, and linear utility (a). Convergen
e rate of RUA for nonlinear utility (b).
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Figure 3.3 Convergen
e rate of GUA for di�erent values of relaxation parameter, s.Similar to RUA, a simulation based on the relaxation parameter s is done for linear
ost under GUA. The result depi
ted in Figure 3.3 
on�rms the theoreti
al result (2.53)for symmetri
 initial 
onditions. Other initial 
onditions, however, lead to di�erent opti-mal values for s, in most 
ases between 0:6 and 0:8. The result 
an be interpreted as thevariation in the amount of instantaneous demand for bandwidth. In the 
ase of symmet-ri
 initial 
ondition, all users a
t the same way, leading to higher simultaneous demand,where \being 
autious" or de
reasing s is advantageous. For other initial values, the in-stantaneous demand de
reases, where in
reasing s a�e
ts the 
onvergen
e rate positively.We 
on
lude that GUA is only advantageous in situations with high instantaneous andtotal demand, whi
h will further be veri�ed in delayed simulations.Finally, we 
on
lude the simulations without delay by a 
omparison of the 
onvergen
erate of all three algorithms for di�erent numbers of users. The results for the linearrea
tion fun
tion are displayed in Figure 3.4. We observe 
learly that both GUA andRUA are superior to PUA. Another important and promising observation is that therates of 
onvergen
e for GUA and PUA are almost independent of the number of users.The simulation is repeated for nonlinear utility 
ost and for highly as well as lightlyloaded systems. To 
hange the amount of load on the system, the 
apa
ity parameterm is varied this time, instead of pri
e k. They a�e
t, as expe
ted, the 
onvergen
e ratein opposite ways. Obviously, the smaller the 
apa
ity, the heavier the load. Figure 3.532



depi
ts both situations. Similar to the linear utility 
ase, GUA 
onverges faster within
reasing number of users. It performs, however, poorer under light load. Same trendis also observed for RUA. One interesting phenomenon is the high performan
e of PUAunder light load in Figure 3.5. It 
an be seen as a result of the low instantaneous demanddue to the variation of utility for di�erent 
ow rates.
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Figure 3.4 Comparison of 
onvergen
e rates of PUA, RUA, and GUA for in
reasingnumber of users, linear utility, delay-free system.
3.2 Simulations with DelayIn order to make the simulations more realisti
, we next introdu
e the delay fa
torinto the system in the following way: users are divided into d equal groups, where ea
hgroup has an in
reasing number of units of delay. For example in a four group system,the �rst group has no delay, the se
ond has one unit delay, the third group two units ofdelay, et
.When the simulations are repeated with uniformly distributed delay as des
ribed, theresults obtained are quite di�erent from the previous ones. PUA, for example, performs33
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Figure 3.5 Comparison of 
onvergen
e rates of PUA, RUA and GUA for the nonlinearutility 
ase, in delay-free system.better than in the linear utility 
ase without delay. This improved result is possibly
aused by the de
rease of instantaneous demand, due to the delay fa
tor. This resultstrengthens the argument about PUA in the previous se
tion.In RUA, however, the optimal update probability disappears in 
ontrast to the delay-free 
ase, as 
an be seen in Figure 3.6. Again, the underlying 
ause is the e�e
t of delayfa
tor on instantaneous demand. Another important observation is the similarity of theresults for linear (a) and nonlinear (b) 
ases in this simulation.Regarding PUA, we 
an 
on
lude that it performs better when both instantaneousand total demand are low and system resour
es are abundant. Su
h 
onditions exist fordelayed systems with users having logarithmi
 utility. RUA, on the other hand, performsworse with de
reasing update probability in su
h a 
ase.Next, GUA is investigated under a delay in
orporated system for an optimal relax-ation parameter. Using the results of several simulations, we 
on
lude that the optimalvalue of s de
reases in the linear utility 
ase, as the delay fa
tor in
reases. Figure 3.7shows the e�e
t of s on 
onvergen
e rate in a delayed system. Interestingly, this trend34
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(a) (b)Figure 3.6 Convergen
e rate of RUA asM gets larger and for di�erent update probabil-ities 0 < p < 1 in a delayed system with d = 5 (a). Same simulation with the nonlinearsystem (b).
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Figure 3.7 Convergen
e rate of GUA for various values of s in a uniformly delayedsystem.
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disappears for the nonlinear 
ase. Similar to RUA, GUA also loses its advantage withnonlinear rea
tion fun
tions in a delayed system under normal load.Comparison of all three algorithms in the delayed nonlinear system for high and lowload 
an be seen in Figure 3.8. In the bottom graph, pri
es are halved, while the 
apa
ityis tripled with respe
t to the top one. As expe
ted, PUA performs better than RUA forany load. Under light load, PUA is superior to GUA, with the aid of delay fa
tor andlow instantaneous delay due to logarithmi
 utility of users. As the load in the systemin
reases, GUA performs 
omparable to PUA, verifying the observation in Figure 3.7.
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Figure 3.8 Comparison of 
onvergen
e rates of PUA, RUA and GUA for in
reasingnumber of users, nonlinear 
ost.In another set of simulations, we investigate the robustness of the algorithms underdisturban
es. The disturban
e is added to the system by varying the number of usersat ea
h iteration by about 10% of the total number of users. The arrival and departureof users are modeled as Poisson random pro
esses, and hen
e, the number of users inthe system 
onstitute a Markov 
hain. Figure 3.9 shows the stability results underdi�erent update s
hemes in terms of the per
entage distan
e to the ideal equilibrium foran example time window. The lower right graph is the result of the simulation with36



0 10 20 30 40 50 60 70 80 90 100
0

0.5

1

1.5

2

2.5
Percentage Distance to Equilibrium Point vs Time

0 10 20 30 40 50 60 70 80 90 100
170

180

190

200

210

220

230
Number of Users vs Time

0 10 20 30 40 50 60 70 80 90 100
0

1

2

3

4

5

6
Percentage Distance to Equilibrium Point vs Time

0 10 20 30 40 50 60 70 80 90 100
140

160

180

200

220
Number of Users vs Time

0 10 20 30 40 50 60 70 80 90 100
0

1

2

3

4
Percentage Distance to Equilibrium Point vs Time

0 10 20 30 40 50 60 70 80 90 100
160

180

200

220

240

260
Number of Users vs Time

0 10 20 30 40 50 60 70 80 90 100
0

0.5

1

1.5

2

2.5
Percentage Distance to Equilibrium Point vs Time

0 10 20 30 40 50 60 70 80 90 100
180

200

220

240

260

280

300
Number of Users vs Time

Figure 3.9 Robustness Analysis for PUA, RUA and GUA for linear and PUA for non-linear utility. Per
entage distan
e and number of users versus time.nonlinear rea
tion fun
tion under PUA. We observe that the average distan
es to theequilibrium vary between 0.5% and 1.5%, whi
h indi
ate that the system is very robustunder all s
hemes and 
osts.Finally, a pri
ing s
heme with two 
lasses, a group of priority and a group of regularusers is studied. Priority users are 
harged less in terms of network 
redits than theregular users by setting the pri
ing parameter k = 200 versus k = 240 for the ex
ess 
owrate x. A disturban
e stru
ture similar to the one above is used by varying the number ofusers, in order to 
reate a more realisti
 setting. Again the simulation is done with usershaving a nonlinear rea
tion fun
tion under PUA. The 
ow rates of two sample users fromea
h 
lass are shown in Figure 3.10. We observe that the pri
ing s
heme is su

essfulin di�erentiating the priority user from the regular one. Moreover the robustness of themodel is preserved. 37
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Figure 3.10 Flow rates of a priority user with k = 200 and a regular user with k = 240versus time.
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CHAPTER 4A MODEL FOR THE CDMA UPLINK POWERCONTROL
We introdu
e a game theoreti
al model for the CDMA uplink power 
ontrol problem,and establish the existen
e of a unique Nash equilibrium [1℄. Stability of the equilibriumis investigated under two di�erent update s
hemes: parallel and random update. Inaddition, a suÆ
ient 
ondition for the stability and 
onvergen
e of the algorithms isderived. Finally, di�erent pri
ing s
hemes, and the relation between pri
e and signal tointerferen
e ratio (SIR) of the users are examined.4.1 The Model and the Cost Fun
tionWe propose a simple model for a single 
ell CDMA system with up to M users. Thenumber of users is limited under an admission 
ontrol s
heme that ensures the minimumne
essary SIR for ea
h user in the 
ell. De�ning a power 
ontrol game, we obtain adistributed and asyn
hronous 
ontrol s
heme for the uplink power 
ontrol problem.For the ith user, we de�ne the 
ost fun
tion Ji by subtra
ting the utility of the userfrom its pri
ing fun
tion, Ji = Pi � Ui. The utility fun
tion is 
hosen in the standardway as a logarithmi
 fun
tion of the SIR of the user, whi
h we denote by 
i for user i.The pri
ing fun
tion de�nes the instantaneous \pri
e" a user pays for using a spe
i�
amount of power that 
auses interferen
e in the system. It is a linear fun
tion of hipi,the power of the user as re
eived by the base station, where hi, 0 < hi � 1, is the user's39




hannel gain. The pri
e, in this 
ontext, should be 
onsidered in terms of network 
redits,within a prede�ned s
heme. It is possible, however, to relate the real-world pri
es to thenetwork 
redits. The pri
e ea
h user pays is not only adjusted 
entrally by 
hanging apri
ing parameter, �i, but it is also proportional to the 
hannel gain of the user, in orderto allow distant users with lower 
hannel gains to use higher powers. This pri
ing s
hemeaims to a
hieve fairness among users in the sense that it makes the users insensitive tothe the geographi
al lo
ation of the base station. A

ordingly, the 
ost fun
tion of theith user is de�ned as Ji(pi; p�i) = �i pi � ln(1 + 
i) pi > 0 ; 8i; (4.1)where the SIR fun
tion, 
i, is 
i = L hipiPi 6=j hjpj + �2 (4.2)Here, L = WR is the spreading gain of the CDMA system, where W is the 
hip rate andR is the total rate. As introdu
ed earlier, the parameter hj is the 
hannel gain from userj to the base station in the 
ell.4.2 Existen
e and Uniqueness of Nash EquilibriumThe ith user's optimization problem is to minimize its 
ost, given the sum of powersof other users as re
eived at the base station,Pi 6=j hjpj, and the noise. The positivity ofthe power ve
tor is an inherent physi
al 
onstraint of the model, pi � 0 ; 8i. Taking thederivative of the 
ost fun
tion (4.1) with respe
t to pi, we obtain the �rst-order ne
essary
ondition: �Ji(p)�pi = �i � LhiPj 6=i hjpj + Lhipi + �2 � 0 (4.3)Assuming a positive inner solution, (4.3) holds with equality. It is easy to see that these
ond derivative is also positive, and hen
e the inner solution, if it exists, is the unique40



point minimizing the 
ost fun
tion. The boundary solution, pi = 0, is the other possibleoptimal point for the 
onstrained optimization problem. If the user's 
ost fun
tion,Ji(pi; p�i), attains its minimum for a power value less than zero, pi;min < 0, the optimalsolution will be the boundary point. Solving Equation (4.3) and applying the positivity
onstraint pi � 0, we obtain the rea
tion fun
tion of ith user:pi(p�i; �i) = 8<: 1�i � 1Lhi (Pj 6=i hjpj + �2) ; ifPj 6=i hjpj � Lhi�i � �20 ; else (4.4)We observe two 
onditions on the pri
e of ith user: �i (from (4.4)) in order for themobile to be \a
tive," or pi > 0. The �rst 
ondition 
omes from the fa
t that both
hannel gains and powers of users are positive, hj; pj > 0 ; 8j. This results in an upperbound on �i in terms of system parameters L and �2 as well as the 
hannel gain of theuser, hi: �i < Lhi�2 ; 8i (4.5)The se
ond 
ondition,Pj 6=i hjpj � Lhi�i ��2, given in (4.4) also applies based on (4.5).Both of these 
onditions need to be satis�ed in order for the mobile to be a
tive withpi > 0. An intuitive interpretation for these 
onditions is, If the pri
e �i is set too highfor a mobile, the mobile prefers not to transmit at all, depending on his utility and 
ostfun
tions. In reality, positivity of power is only a ne
essary, and not a suÆ
ient 
onditionfor a mobile to establish 
ommuni
ation with the base station. Setting a lower bound onSIR is more realisti
. The relationship between SIR, number of users, and pri
e will befurther investigated for di�erent pri
ing s
hemes.For any equilibrium solution, the set of �xed point equations 
an be written in ma-trix form by exploiting the linearity of (4.4). In 
ase of a boundary solution, the rowsand 
olumns of users with zero equilibrium power are deleted, and the matrix equation
ontains only users with positive powers.
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1 h2Lh1 h3Lh1 � � � hMLh1h1Lh2 1 h3Lh2 � � � hMLh2h1Lh3 h2Lh3 1 � � � hMLh3... ... . . . ...h1LhM h2LhM � � � hM�1LhM 1
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0BBBBBBBBB�
p�1...p�i...p�M
1CCCCCCCCCA = 0BBBBBBBBB�

1
1h1...1
ihi...1
MhM
1CCCCCCCCCA ,Ap� = 1
h ; (4.6)

where the 
onstant 
i is de�ned as 
i = L�i=(L� �2�i) .Theorem 4.1 In the power game just de�ned, there exists a unique Nash equilibrium(NE). Furthermore:i. The NE is stri
tly positive if, and only if, mini hi�i � 1L+M�1PMi=1 1�i > L�1L+M�1 �2L and�i < Lhi�2 .ii. Otherwise, the NE is a unique boundary solution.Proof: We �rst show that the matrix A in Equation (4.6) is full rank and invertible,and hen
e the solution to (4.6), p�, is unique. Then we show that the solution is stri
tlypositive if the given 
ondition is satis�ed. Finally, we relax the 
ondition and allow forboundary solutions, and 
on
lude the proof by proving the uniqueness of the boundarysolution.In order for the matrix A in (4.6) to be full rank and hen
e invertible, there shouldnot exist a ve
tor y = (y1; y2 : : : yM)T 6= 0 su
h that Ay = 0. This expression 
an bewritten as the following set of equations:Lhiyi +Xj 6=i hjyj = 0 8i (4.7)) (L� 1)hiyi + MXj=1 hjyj = 0 8i (4.8)Summing up the set of equations over all users i = 1 : : :M
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(L� 1 +M)( MXj=1 hjyj) = 0 (4.9)It is 
lear that the term L� 1 +M in (4.9) is nonzero, and hen
e the sumPMj=1 hjyjhas to be zero. Sin
e the 
hannel gains are stri
tly positive, hi > 0, it follows from (4.8)that yi = 0 8i. A

ordingly, the matrix A is full rank and invertible, whi
h results in aunique solution of the equation (4.6).i. The 
ondition (4.5) was shown to be ne
essary for the stri
t positivity of the ithuser's power, p�i > 0, regardless of other users' power levels. Additionally, byrearranging (4.4) at the equilibrium, we obtain the following:(L� 1)hipi = (Lhi�i � �2)� MXj=1 hjpj ; 8i (4.10)Without loss of generality, the set of all users 
an be redu
ed to the subset, ~M, ofusers with positive equilibrium powers, throughout the summations. With a slightabuse of notation,M represents the number of a
tive users for the rest of the proof.In order to have equilibrium power ve
tor as an inner solution, we need to showthat the right-hand side (RHS) of (4.10) is positive for any user. The summationof the equation over all users gives:(L +M � 1) MXi=1 hipi = L MXi=1 hi�i �M�2 (4.11)By rearranging (4.11), we obtain the sum of weighted powers in terms of the systemparameters: MXi=1 hipi = LPMi=1 hi�i �M�2L+M � 1 (4.12)Substituting the expression for PMi=1 hipi from (4.12) into (4.10), and requiringhipi > 0 8i leads to the following 
ondition for positivity of the equilibrium powerve
tor: 43



mini Lhi�i � �2 � LPMi=1 hi�i �M�2L+M � 1 > 0 (4.13)Rewriting this 
ondition, we havemini hi�i > 1L+M � 1 MXi=1 hi�i + L� 1L+M � 1 �2L (4.14)Thus, the 
onditions (4.14) and (4.5) are ne
essary and suÆ
ient for the existen
eof a unique feasible inner Nash equilibrium.An interesting observation is that the power level of the ith mobile, (4.4), 
an bewritten independent from the other users' power levels at the equilibrium point.From (4.12), the sum of the other mobile's power levels 
an be repla
ed with systemparameters and pri
es:
pi = 8>>><>>>: 1hif LL�1 [hi�i � 1L+M�1Pj2 ~M hj�j ℄� 1L+M�1�2g;ifPj 6=i hjpj � Lhi�i � �20 ; else (4.15)where ~M is again the number of a
tive users.Possible boundary solutions need to be investigated to 
on
lude the uniqueness ofthe inner Nash equilibrium. Assume there exists an ith mobile with zero equilibriumpower, and all other mobiles use positive power. In order for this to be a Nash equi-librium, the 
onditionPj 6=i hjpj � Lhi�i ��2 should fail a

ording to the equilibriumpower level (4.15) of the mobile. Summing up the equilibrium powers (4.15) of theremaining ~M =M � 1 users results inLL� 1[Xj2 ~M hi�i � ~M~M + L� 1Xj2 ~M hi�j ℄ � Lhi�i � L� 1L + ~M � 1�2 (4.16)Rearranging the terms,
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1L+ ~M � 1Xj2 ~M hi�j < hi�i � L� 1(L + ~M � 1) �2L (4.17)From the ne
essary 
ondition (4.14), Pj 6=i hjpj � Lhi�i � �2, is satis�ed. Thus,the power of the mobile must be positive. This 
ontradi
ts the initial assumption,and hen
e the boundary solution 
annot be a Nash equilibrium. An importantobservation is that equation (4.17) depends on the number of users with positivepower. As a result, all boundary solutions fail similarly for being an equilibrium,in
luding the trivial solution, the origin. Furthermore, the 
ondition is also satis�edfor the inner solution. We 
on
lude that the inner Nash equilibrium is unique.ii. If one of the ne
essary 
onditions (4.5) or (4.14) is relaxed, 
learly the equilibriumwill be a boundary point. Spe
i�
ally, when a user fails to meet (4.5), then itsNash equilibrium will be the zero power level independent from other users. Su
husers do not a�e
t others and 
an be ignored. Let us now assume that the usersare labeled in su
h a way that their pri
e to 
hannel gain ratio are in des
endingorder h1�1 � h2�2 � : : : � hM�M (4.18)We argue that, if the N th mobile, 1 � N � M , fails 
ondition (4.14), then it isdropped together with mobiles N + 1; : : : ;M . In this 
asehM�M � � � � � hN+1�N+1 � hN�N < 1L +N � 1 NXi=1 hi�i + L� 1L +N � 1 �2L (4.19)With ea
h dropped user, the number of a
tive mobiles having positive power de-
reases. M in equation (4.14) represents only the number of a
tive users, so forthe (N + 1)st user 
ondition (4.14) is same as the RHS of (4.19). Hen
e, mobilesN+1; : : : ;M fail to satisfy the ne
essary 
ondition and have zero equilibrium power.For a single user, (4.14) simpli�es to the ne
essary and suÆ
ient 
ondition (4.5).45



Note that, when all the users fail to satisfy the 
onditions, the solution is obviouslytrivial. A dropping me
hanism 
an be implemented, where users are dropped oneby one beginning from the M th user. For symmetri
 pri
ing, this 
orresponds tothe mobile with the lowest 
hannel gain, yielding an intuitively justi�ed result.After removing the row and 
olumn entries of the dropped users, the matrix Aremains full rank and invertible. For the rest of the mobiles, the �rst part of theproof holds as it only depends on the number of a
tive users. Thus, there existsa unique inner Nash equilibrium in the game with only a
tive users. As the userswith zero power attain the Nash equilibrium by de�nition, the original game alsoadmits a unique boundary equilibrium.4.3 Pri
ing StrategiesThe positivity of a mobile's equilibrium power depends dire
tly on its 
hannel gaina

ording to (4.5). Therefore, the 
onne
tion might fail if the pri
e is high and 
hannelgain is low, limiting users with higher pri
es to a smaller area than others within a 
ell byslow fading of the wireless system. In most of the 
ases, su
h a result is not desirable. Wepropose proportional pri
ing as a possible solution to this problem. In this s
heme, thepri
e is proportional to the 
hannel gain, �i = kihi, allowing users to transmit withoutbeing a�e
ted by their lo
ations. We will investigate variants of this pri
ing s
hemethrough the rest of this 
hapter.The inner Nash solution by itself does not guarantee that the users with nonzeropowers will meet the minimum SIR requirements to establish a 
onne
tion to the basestation. A
hieving the ne
essary SIR level is obviously 
ru
ial to the su

essful operationof the system. Furthermore, in
reased variety of 
ommuni
ation appli
ations in wirelesssystems leads to di�erent types of users and SIR requirements in addition to the minimumSIR level.First, we 
onsider the simple symmetri
 user 
ase with the same SIR requirements.It is possible to �nd a pri
ing strategy by formulating the pri
ing parameter dire
tly pro-46



portional to the 
hannel gain, �i = khi, where the pri
ing fa
tor, k, is user independent.It is possible to de�ne k as a fun
tion of the number of users and the SIR level.Be
ause of symmetry, taking hipi and hi�i to be user independent in (4.10), we arriveat (L+M � 1)hipi + �2 = Lhi�i (4.20)Combining this result and the SIR fun
tion in Equation (4.2) and taking the minimumSIR, 
�, as input, we obtain the following pri
ing strategy for a single 
lass of users in a
ell: �i = hi[ L�2 11� 
�(M�1)+
�L
�(M�1)�L ℄ (4.21)This strategy for a single 
lass of users meets (4.5), based on the following:
� < LM � 1 (4.22)Moreover 
ondition (4.14) simpli�es to (4.5) in the symmetri
 
ase. Thus, both ne
-essary and suÆ
ient 
onditions are satis�ed if (4.22) holds. Then the unique solution isstri
tly positive and all M users attain the desired SIR level. Otherwise, due to symme-try, all users go below the minimum value. In this 
ase, dropping some of the users fromthe system in order to de
rease the e�e
tive M would lead to a viable solution.For the more general 
ase, it is 
onvenient to split the mobiles in a 
ell into multiplegroups a

ording to their need for bandwidth, or in our 
ontext, their requested SIRlevels. As a result of the inherent nature of CDMA systems, ea
h user a�e
ts others, sothe users of di�erent groups in a 
ell 
annot be 
onsidered separately. Using the multiplepri
ing s
heme, a solution 
apturing multiple user groups 
an be formulated. As anexample, we will investigate the two group 
ase with symmetri
 users within ea
h group.It is straightforward to extend the same stru
ture to higher number of user groups withdi�erent SIR requirements.
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In the multiple pri
ing s
heme, we de�ne the pri
es �1i = k1hi and �2j = k2hj, forea
h group. Assume one group is for multimedia appli
ations, hen
e requiring a highSIR. De
reasing the pri
ing fa
tor k1 yields the desired result for su
h users. Relatingthe real-world pri
es inversely proportional to the network 
redits would be a reasonable
hoi
e in this 
ase. Thanks to the intera
tion between users of di�erent groups, thefun
tion (4.21) 
annot be used to determine the value of the pri
ing parameters k1 andk2. In order to �nd the appropriate values, we make use of the symmetry of users withina group and derive a relation similar to (4.21).The target SIR levels for the two groups with N1 and N2 users are 
1 and 
2, respe
-tively. Rewriting Equation (4.2),
1 = LhipiN2hjpj + (N1 � 1)hipi + �2 (4.23)
2 = Lhjpj(N2 � 1)hjpj +N1hipi + �2 ; (4.24)i = 1; : : : ; N1 ; j = 1; : : : ; N2 (4.25)and solving for hipi and hjpj in the set of equations (4.23), we obtain:hipi = 
1�2(
2 + L)�
1
2N1N2 + [
1(N1 � 1)� L℄[
2(N2 � 1)� L℄ (4.26)hjpj = 
2�2(
1 + L)�
1
2N1N2 + [
1(N1 � 1)� L℄[
2(N2 � 1)� L℄ (4.27)Finally, we establish the relation between the pri
ing fa
tors k1 and k2 and the powerlevels within ea
h group as re
eived by the base station, hipi and hjpj. Noti
e that there
eived power level, hen
e SIR, is the same for all users within the group.k1 = L(L+N1 � 1)hipi + (N2)hjpj + �2 (4.28)k2 = L(L+N2 � 1)hjpj + (N1)hipi + �2 (4.29)Combining (4.26)-(4.28) provides the pri
ing strategy for the two group 
ase in termsof the desired SIR levels, number of users, system parameter L, and noise level �2. The48



set of linear equations 
an be easily extended to three or higher 
lasses, providing ageneral pri
ing strategy.The expressions in (4.26) may be negative for some mobiles, if it is not possibleto a
hieve the desired SIR level for the given parameters. Thus the Nash equilibriumwill be a unique boundary solution a

ording to the se
ond part of Theorem 4.1. Byimplementing a reasonable dropping me
hanism, users 
an be dropped beginning withthe one having lowest 
hannel gain to pri
e ratio, hi�i . Then, the remaining users wouldmeet the 
ondition (4.14). Moreover, the following would hold:�jihi = L
j + �2 < L�2 (4.30)where 
j > 0. Thus, the ne
essary 
ondition (4.5) is also met and a unique inner Nashequilibrium exists for the game with a
tive users. The solution for all the mobiles,in
luding the ina
tive ones, is on the other hand a unique boundary solution in a

ordan
ewith Theorem 4.1.4.4 Update S
hemes and StabilityIn this se
tion, we investigate the stability of the Nash equilibrium in the given modelunder two relevant asyn
hronous update s
hemes: parallel and random update, whi
hwere de�ned in Se
tion 2.3. We establish a suÆ
ient 
ondition whi
h guarantees the
onvergen
e to the unique equilibrium point for both algorithms.4.4.1 Parallel update algorithmIn PUA, users optimize their power levels at ea
h iteration using the rea
tion fun
tionde�ned in (4.4). Depending on the length of the 
hosen time intervals, the system is
hara
terized either as ideal (i.e., delay-free) or delayed. The algorithm is given byp(n+1)i (p(n)�i ; �i) = 8<: 1�i � 1Lhi (Pj 6=i hjp(n)j + �2) ; ifPj 6=i hjp(n)j � Lhi�i � �20 ; else (4.31)49



From Theorem 4.1, it is known that the Nash equilibrium 
ould be a boundary point;i.e., some of the mobiles 
ould have zero equilibrium power. Based on this result, a user-dropping s
heme was des
ribed in Se
tion 4.2. The power level p of the mobiles droppedfrom the system remain zero for the given pri
es and parameters. Hen
e, these usersare stable. For the a
tive users with stri
tly positive power levels, the distan
e of theith user's power, pi, to the equilibrium at time n is derived using the rea
tion fun
tionin (4.4): p(n+1)i = 1�ihi � 1Lhi (Xi 6=j hjp(n)j + �2) (4.32)p�i = 1�ihi � 1Lhi (Xi 6=j hjp�j + �2) (4.33)) j4p(n+1)i j � 1LhiXi 6=j hjj4p(n)j j ; 8i (4.34)Using l1-norm analysis, it 
an be shown that this is a 
ontra
tion mapping providedthat maxi 1hi MXj=1 hjL < 1 (4.35)Hen
e, (4.35) is a suÆ
ient 
ondition for stability and global 
onvergen
e of thesystem. Due to the initial admission 
ontrol me
hanism and user-dropping s
heme, whi
hlimit the number M of users in the 
ell, this 
ondition 
an easily be satis�ed for a givenset of parameters L and h. Thus, the stability and 
onvergen
e of the algorithm follows.4.4.2 Random update algorithmIn RUA, ea
h mobile updates its power level with a prede�ned probability 0 < Pi < 1:p(n+1)i = 8<: p(n+1)i ; with probability Pip(n)i ; with probability 1� Pi (4.36)
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where p(n+1)i was de�ned in (4.31). Similar to the 
ase of PUA, mobiles with zero powerremain stable for all n and hen
e are not of any relevan
e to the ensuing analysis. For thea
tive users, following a derivation similar to the one in (4.32) and taking the expe
tation,E[:℄, of the distan
es to the equilibrium, we obtainEj4p(n+1)i j � 1LhiXi 6=j hjEj4p(n)j jPi + (1� Pi)Ej4p(n)i j (4.37)Using l1-norm analysis, one 
an show that the 
ondition (4.35) is again suÆ
ient forthe right-hand side of (4.37) to be a 
ontra
tion mapping. Using Gershgorin's theo-rem [16℄ one 
an obtain useful bounds on the eigenvalues of the matrix that de�nes theright-hand side of (4.37). The inequality that follows dire
tly from Gershgorin's theoremfor an eigenvalue �i is j�i � (1� Pi)j �Xj 6=i hjLhiPi (4.38)Under (4.35), this leads to �1 � 1� 2Pi < �i < 1 (4.39)
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CHAPTER 5SIMULATION OF THE POWER CONTROLMODEL
5.1 E�e
t of the Pri
ing ParametersThe proposed power 
ontrol s
heme is simulated numeri
ally using MATLAB. First,we investigate e�e
ts of di�erent pri
ing s
hemes for both symmetri
 users and multiplegroups of mobiles. Then, we analyze the robustness of the system under varying param-eters su
h as noise, the number of users, and 
hannel gains. All results of the simulationsare valid for both update s
hemes PUA and RUA, where the only di�eren
e between thetwo is the 
onvergen
e rate.Simulation parameters are 
hosen as follows, unless otherwise stated: spreading gainL = 800, noise �2 = 10, the stopping 
riterion or distan
e to equilibrium � = 10�5. The
hannel gains of users are determined randomly with uniform distribution, 0:2 < hi < 1,to be more realisti
. The initial 
ondition for simulations is pi = 1 ; 8i, an estimated valuefor establishing initial 
ommuni
ation between the mobile and the base station. In thesimulations, a dis
rete time s
ale is used. In the delay-free 
ase, time span is 
hosen longenough for perfe
t information 
ow to users. Then, delay is introdu
ed to the system tomake the setting more realisti
.In the �rst simulation, proportional and �xed pri
ing s
hemes are 
ompared. Forsimpli
ity, we �rst 
hoose the users being symmetri
 both under �xed pri
ing, �i = �,
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and proportional pri
ing, �i = khi. For illustrative purposes, the number of users is
hosen small, N = 20.In Figure 5.1, the equilibrium power and the SIR values of ea
h user are observedunder both pri
ing s
hemes. In the top graph, power values of the users with di�erent
hannel gains are almost the same under �xed pri
ing. Hen
e, the users with lower 
han-nel gains fail to meet the minimum SIR goal, 
hosen arbitrarily as 10 in the middle graph.In 
ontrast, all users meet the minimum SIR level under proportional pri
ing, regardlessof their 
hannel gain. An intuitive explanation for this is that under proportional pri
ingthe distant users are allowed to use more power to attain the ne
essary SIR. We alsonote that, proportional pri
ing is \fair" in the sense that the users are not a�e
ted bytheir distan
e to the base station.
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Figure 5.1 Comparison of power and SIR �nal values of the mobiles for the �xed andproportional pri
ing s
hemes.The e�e
t of varying pri
es is investigated in the following simulations for a single 
lassof users by 
hanging the pri
ing parameter k under proportional pri
ing. This parameterplays a 
ru
ial role in the system by a�e
ting the overall power and SIR levels. FromFigure 5.2, we see that a gradual in
rease in k from 0.5 to 6 (i.e., an in
rease in pri
e)53
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UsersFigure 5.2 E�e
t of the pri
ing parameter k on the SIR and the power levels of users.a�e
ts the �nal results in a negative way: Both power and SIR values de
rease. Thisresult might be interpreted as follows: With an in
rease in the pri
e, the users de
reasetheir powers to the same extent, whi
h leads to lower SIR values given a 
onstant noiselevel. The results mat
h theoreti
al 
al
ulations for the single 
lass 
ase in a

ordan
ewith (4.21).As an example for multiple pri
ing strategies within a single 
ell, we have 
hosen thetwo group 
ase for illustrative purposes. One group is given priority against the otherone in terms of its SIR level. Comparable to Figure 5.1, Figure 5.3(a) shows the SIR andthe power values of 40 users, with 20 in ea
h 
lass under proportional pri
ing. The usergroup with lower pri
es a
hieves a higher SIR, as expe
ted. The results of this simulationjustify the previous 
al
ulations in Chapter 4.Figure 5.3(b) summarizes the SIR results for ea
h group of mobiles under varyingproportional pri
es: k1 and k2. The minimum SIR level is again 
hosen as 10. Parametersare zeroed out when they 
annot provide this required SIR. As expe
ted, the di�eren
e
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(a) (b)Figure 5.3 Two groups of users: (a) SIR, power, 
hannel gains, and (b) SIR levels versuspri
ing parameters.between parameters k1 and k2 is roughly proportional to the di�eren
e between SIR levelsof the two 
lasses. The diagonal line represents equal pri
ing, hen
e the symmetri
 
ase.It is not always possible to a
hieve the requested SIR levels in a CDMA system dueto inherent limitations. In su
h 
ases, the expressions (4.26)-(4.28) result in negativevalues, indi
ating that the given 
ombination is not feasible. As a demonstration of thispossibility, we 
al
ulated the range of pri
ing parameters k1 and k2 for di�erent numbersof users in ea
h group, N1 and N2. Negative parameters are nulli�ed, indi
ating theboundaries of the feasible region. Figure 5.4 summarizes the out
ome of the 
al
ulationsgraphi
ally.Next, we simulate users under the most general pri
ing s
heme, where for ea
h userthere is a di�erent �xed pri
e for power. In this 
ase, some users are randomly givenpriority as a result of pri
ing. In Figure 5.5, we see that some of the users fail to meetthe required minimum SIR. In this pri
ing s
heme, ea
h user behaves as a group with asingle user.
55



0 10 20 30 40 50 0 10 20 30 40 50
0

2

4

6

8

N2

Pricing Parameter for Class 1

N1

la
m

b
d
a
1

0 10 20 30 40 50 0 10 20 30 40 50

0

1

2

3

4

N2

Pricing Parameter for Class 2

N1

la
m

b
d
a
2

Figure 5.4 Feasible pri
ing parameters, k1 and k2, for di�erent numbers of users, N1and N2.
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5.2 Convergen
e Rate and Robustness of Algorithms5.2.1 Simulations without delayThe 
onvergen
e rate of the two update s
hemes is of great importan
e, as it dire
tlya�e
ts the robustness of the system. We simulate PUA and RUA for di�erent numbersof symmetri
 users under single pri
ing s
heme. By de�nition, RUA with probability oneis equivalent to PUA. In Figure 5.6, the number of iterations to the equilibrium point isshown for di�erent probability values of RUA and for unit probability, PUA. Contrary tosome results obtained in a di�erent 
ontext [15℄, PUA is superior to RUA for this spe
i�
power game. A simple explanation for this di�eren
e 
an be the asymmetri
 nature ofthe users due to di�erent 
hannel gains.
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Figure 5.6 Convergen
e rate for di�erent update probabilities and in
reasing numbersof users.Next, we investigate the robustness of the system in the ideal, delay-free 
ase. First,we analyze it under in
reasing noise, �2. The ba
kground noise is in
reased step by stepup to 100% of its initial value. A

ordingly, the base station allows users to in
rease theirpowers by de
reasing the pri
es by the same per
entage. The simulation is made again57



with N = 20 users under a proportional pri
ing s
heme. We observe in Figure 5.7(a),that the power values in
rease in response to the in
reasing noise to keep the initialSIR 
onstant. Similarly, we in
rease the number of mobiles in the system threefold inFigure 5.7(b). It has the same e�e
t as in
reasing the noise due to the nature of CDMA.Again by adjusting the pri
es a

ordingly, all users keep their SIR levels. These results
on�rm the robustness of the proposed power 
ontrol s
heme.
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(a) (b)Figure 5.7 Power and SIR �nal values for in
reasing noise (a) and numbers of users (b).Finally, we simulate the system in a realisti
 setting under a single pri
ing s
heme:The number of users, N = 20 taken as default, is modeled as a Markov 
hain withPoisson arrival and departures. We observe the average per
entage di�eren
e betweenthe theoreti
al equilibrium and the 
urrent operating point of the system in terms ofpower values for some period of time. In the simulation, PUA is 
hosen as the updatealgorithm. The initial 
ondition is the equilibrium point for users. In Figure 5.8, it isshown that the system operates within 1% range of ideal equilibrium points.Heretofore, robustness of the system was investigated for stati
 mobiles. The move-ments of the mobiles within the 
ell 
an be modeled by 
hanging the 
hannel gainsrandomly with time. In the next simulation, the 
hannel gains of users are varied ran-domly up to 15% of their previous values. From Figure 5.9, the system again operateswithin 1% distan
e to ideal equilibrium. 58
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Figure 5.8 Average per
entage distan
e to equilibrium point versus time. The numberof users is modeled as a Markov 
hain.
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Figure 5.9 Average per
entage distan
e to the equilibrium point versus time. Channelgains hi are varied up to 15% per unit time.
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5.2.2 Simulations with delayWe introdu
e the delay fa
tor into the system in a way similar to the variable ratemodel: users are divided into d equal groups, where ea
h group has an in
reasing numberof units of delay.
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Figure 5.10 Comparison of 
onvergen
e rates of PUA and RUA for in
reasing numbersof users in the no delay (bottom graph) and with delay (top graph) 
ases.First, the 
onvergen
e rates of the two update s
hemes are 
ompared and 
ontrastedunder ideal and delayed 
onditions. The update probability of RUA is 
hosen as 0:5. As
an be observed in Figure 5.10, there is no substantial di�eren
e between the delayedand ideal 
ases. In both 
ases RUA outperforms PUA. In the delayed 
ase, however, thedi�eren
e between the two narrows.Then, the simulation investigating the 
onvergen
e rate of RUA for various updateprobabilities is repeated in the delayed 
ase. The result obtained is almost identi
al tothe previous one shown in Figure 5.11. When this result is 
ompared with the results ofChapter 3, it is quite surprising. A possible explanation for the dis
repan
y is the e�e
tof 
hannel gains of the mobiles, whi
h eliminates the symmetry between the users. Thise�e
t is absent in the variable rate model.Finally, the robustness of the PUA algorithm is investigated in the delayed 
ase andunder a multiple pri
ing s
heme. There are two groups of users, whi
h are symmetri
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Figure 5.11 Convergen
e rate for di�erent update probabilities and in
reasing numberof users in the delayed 
ase.within themselves, but they are 
harged di�erently for the power they use. The param-eters of the simulation are the same as those in the robustness simulation before. InFigure 5.12, it is observed that a less 
harged priority user always obtains a higher SIRthan a regular user. The 
u
tuation of the SIR of both users suggests that base stationshould update the pri
es depending on the number of users in the 
ell.
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Figure 5.12 SIR of two sele
ted users from priority and regular user groups versus time.The number of users is modeled as a Markov 
hain.
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CHAPTER 6CONCLUSION
We developed two mathemati
al models based on non
ooperative game theoreti
alframework and obtained distributed, asyn
hronous 
ontrol me
hanisms for the two prob-lem settings in Internet style and wireless networks. In both 
ases, we obtained promisingresults, whi
h indi
ate that the game theoreti
al approa
h 
an provide satisfa
tory de-
entralized and market-based solutions.While ea
h model addresses di�erent problems, they share some 
ommon points. Aunique Nash equilibrium is proven in both of the models, and 
onvergen
e properties ofrelevant asyn
hronous update s
hemes are investigated theoreti
ally and numeri
ally inea
h 
ase. Moreover, 
onditions for the stability of the unique equilibrium point underthe update algorithms are obtained and analyzed a

ordingly.In the variable rate model, we have introdu
ed an approa
h that 
an be used as abasis for implementing real time traÆ
 on the Internet. The 
ombination of admission
ontrol and end-to-end distributed 
ow 
ontrol results in a very 
exible framework, whi
h
aptures all traÆ
 types from low to medium elasti
ity. A market-based approa
h enablesthe model to address two major issues (pri
ing and resour
e allo
ation) simultaneously.The simulation results suggest the use of GUA or RUA in heavy loaded systemswith less delay and high demand for bandwidth. In delayed systems, however, PUAperformed better than the other two. The aÆne utility analysis not only provided alo
al approximation to the nonlinear 
ost, but also established 
onvergen
e and stabilityresults, helping to solve the general nonlinear 
ases.63



The se
ond model addresses uplink power 
ontrol problem in CDMA systems. Wehave proven that the unique Nash equilibrium has the property that, depending on theparameters, only a subset of the total number of mobiles are a
tive. Some of the usersare dropped from the system as a result of the power optimization. Furthermore, therelationship between the SIR levels of the users and the pri
ing is investigated for di�erentpri
ing s
hemes. It is shown both analyti
ally and through simulations that 
hoosing anappropriate pri
ing strategy guarantees meeting the minimum desired SIR levels for thea
tive users.There still exist, however, some open questions on both models, whi
h require furtherinvestigation. In the variable rate model the following questions 
ome up, fosteringdire
tions for future resear
h. (i) The model is analyzed here for a single bottlene
knode. Possible implementations for a general network topology and routing problem areopen points. (ii) The e�e
t of varying the virtual 
apa
ity C and the initial admissions
heme are possible points of investigation. In terms of pri
ing, the relation between �xedand variable pri
es should be investigated. (iii) Although the model is designed to sharenetwork resour
es with a best e�ort type distributed, elasti
 network like the Internet,we have not addressed possible issues regarding the intera
tion of di�erent proto
ols onthe same network. Su
h an intera
tion may be a ri
h sour
e for further resear
h. Priorityqueueing, for example, might be investigated, as a means for 
ombining the proto
ols atthe router level. In 
ase of the power 
ontrol model, one possible extension 
ould be amultiple 
ells model, where the e�e
t of neighboring 
ells are taken into a

ount. Anothertopi
 of resear
h 
an be the pri
ing strategy to be implemented for varying numbers ofusers in a 
ell.
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