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tionIn wireless 
ommuni
ation systems, mobile users respond to the time-varying nature of the 
hannel,des
ribed using short-term and long-term fading phenomena [1℄, by regulating their transmitterpowers. Spe
i�
ally, in a 
ode division multiple a

ess (CDMA) system, where signals of otherusers 
an be modeled as interfering noise signals, the major goal of this regulation is to a
hievea 
ertain signal to interferen
e (SIR) ratio regardless of 
hannel 
onditions while minimizing theinterferen
e due to user transmit power level. Hen
e, there are two major reasons for a user toexer
ise power 
ontrol: the �rst one is the limit on the battery energy available to the mobile, andthe se
ond reason is the in
rease in 
apa
ity, whi
h 
an be a
hieved by minimizing the interferen
e.Power 
ontrol in CDMA systems are in either open-loop or 
losed-loop form. In open-looppower 
ontrol, the mobile regulates its transmitted power inversely proportional to the re
eivedpower. In 
losed-loop power 
ontrol, on the other hand, 
ommands are transmitted to the mobileover the downlink to in
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A spe
i�
 proposal to implement distributed power 
ontrol made by Yates [3℄ relies on ea
h userupdating its power based on the total re
eived power at the base station. It has been shown in [3℄that the resulting distributed power 
ontrol algorithm 
onverges under a wide variety of interferen
emodels. Another distributed power 
ontrol s
heme has been introdu
ed in [4℄, whi
h is adaptiveand uses lo
al measurements of the mean and the varian
e of the interferen
e. The authors haveshown that this algorithm is 
onvergent provided that a 
ertain 
ondition is satis�ed.Game theory provides a natural framework for developing pri
ing me
hanisms of dire
t rel-evan
e to the power 
ontrol problem in wireless networks. In su
h networks, the users behavenon
ooperatively, i.e., ea
h user attempts to minimize its own 
ost fun
tion (or maximize its utilityfun
tion) in response to the a
tions of the other users. This makes the use of non
ooperative gametheory [5℄ for uplink power 
ontrol most appropriate, with the relevant solution 
on
ept being thenon
ooperative Nash equilibrium. In this approa
h, a non
ooperative network game is de�nedwhere ea
h user attempts to minimize a spe
i�
 
ost fun
tion by adjusting his transmission power,with the remaining users' power levels �xed. The main advantage of this approa
h is that it notonly leads to distributed 
ontrol as in [3℄, but also naturally suggests pri
ing s
hemes, as we willsee in this paper.Possible utility fun
tions in a game theoreti
al framework, and their properties for both voi
eand data sour
es have been investigated in detail in [6℄, whi
h formulates a 
lass of utility fun
tionsthat also a

ount for forward error 
ontrol, and shows the existen
e of a Nash equilibrium and theuniqueness of an optimal response. One interesting feature of this framework is that it providesutility fun
tions for wireless data transmission, where power 
ontrol dire
tly a�e
ts the 
apa
ity ofmobiles' data transmission rates. Referen
e [6℄ also proposes a linear pri
ing s
heme in order toa
hieve a Pareto improvement in the utilities of mobiles.In an earlier study [7℄, Nash equilibria a
hieved under a pri
ing s
heme have been 
hara
terizedby using supermodularity. It has been shown that a non
ooperative power 
ontrol game with apri
ing s
heme is superior to one without pri
ing. One de�
ien
y of this game setup, however, isthat it does not guarantee so
ial optimality for the equilibrium points.Linear and exponential utility fun
tions based on 
arrier(signal)-to-interferen
e ratio are alsoproposed in [8℄. The existen
e of a Nash equilibrium is shown under some assumptions on theutility fun
tions, and an algorithm for solving the non
ooperative power 
ontrol game is suggested.In this paper, we propose a power 
ontrol game similar to the ones in [8, 6℄. In the model weadopt, however, we use a 
ost fun
tion de�ned as the di�eren
e between a linear pri
ing s
hemeproportional to transmitted power, and a logarithmi
, stri
tly 
on
ave utility fun
tion based onSIR of the mobile. Furthermore, the utility fun
tion is made user-spe
i�
 by multiplying it with autility parameter re
e
ting the individual user preferen
es. We then rigorously prove the existen
eand uniqueness of a Nash equilibrium. We also investigate possible boundary equilibrium solutions,and hen
e derive a quantitative 
riterion for admission 
ontrol. As in [3℄, one way of extendingthe model is to in
lude 
ertain SIR 
onstraints. As an alternative, we suggest a pri
ing strategyto meet the given 
onstraints, and analyze the relation between pri
e, SIR, and user preferen
es asre
e
ted by the utility parameter. Thus, we address not only the power 
ontrol problem, but alsopri
ing and allo
ation of a single resour
e among several users. Furthermore, we study di�erent2



pri
ing strategies, and obtain a distributed and market-based power 
ontrol me
hanism. Finally,under a suÆ
ient 
ondition we prove the 
onvergen
e of two algorithms, parallel update (PUA)and random update (RUA), to the unique Nash equilibrium.In order to illustrate the 
onvergen
e, stability and robustness of the update algorithms, weuse extensive simulations using MATLAB. Moreover, we study the e�e
t of the various parametersof the model, espe
ially di�erent pri
ing s
hemes. In order for the simulations to 
apture realisti
s
enarios, we introdu
e feedba
k delay and modeling disturban
es, where the latter is 
aused byvariations in the number and lo
ation of users in the network.The next se
tion des
ribes the model adopted and the 
ost fun
tion. In Se
tion 3, we provethe existen
e and uniqueness of the Nash equilibrium. We present update algorithms for mobilesin Se
tion 4, whereas Se
tion 5 introdu
es di�erent pri
ing strategies at the base station. Thesimulation results are given in Se
tion 6, whi
h is followed by the 
on
luding remarks of Se
tion 7.2 The Model and Cost Fun
tionWe des
ribe here the simple model adopted in this paper for a single 
ell CDMA system with upto M users. The number of users is limited under an admission 
ontrol s
heme that ensures theminimum ne
essary SIR for ea
h user in the 
ell. For the ith user, we de�ne the 
ost fun
tion Ji asthe di�eren
e between the utility fun
tion of the user and its pri
ing fun
tion, Ji = Pi � Ui. Theutility fun
tion, Ui, is 
hosen as a logarithmi
 fun
tion of the ith user's SIR, whi
h we denote by
i. This utility fun
tion 
an be interpreted as being proportional to the Shannon 
apa
ity [1, 9℄ foruser i, if we make the simplifying assumption that the noise plus the interferen
e of all other users
onstitute an independent Gaussian noise. This means that this part of the utility is simply linearin the throughput that 
an be a
hieved (or approa
hed) by user i using an appropriate 
oding, as afun
tion of its transmission power. This logarithmi
 fun
tion is further weighted by a user-spe
i�
utility parameter, ui > 0, to 
apture the user's level of \desire" for SIR.The pri
ing fun
tion de�nes the instantaneous \pri
e" a user pays for using a spe
i�
 amountof power that 
auses interferen
e in the system. It is a linear fun
tion of pi, the power level of theuser. A

ordingly, the 
ost fun
tion of the ith user is de�ned asJi(pi; p�i) = �i pi � ui ln(1 + 
i) ; pi � 0 8i; (2.1)where p�i denotes the ve
tor of power levels of all users ex
ept the ith one, and 
i is the SIRfun
tion for user i, given by 
i = L hipiPj 6=i hjpj + �2 : (2.2)Here, L = WR is the spreading gain of the CDMA system, whereW is the 
hip rate and R is the totalrate; we assume throughout that L > 1. The parameter hj , 0 < hj < 1, is the 
hannel gain fromuser j to the base station in the 
ell, and �2 > 0 is the interferen
e. For notational 
onvenien
e,3



let us denote the ith user's power level re
eived at the base station as yi := hipi, introdu
e thequantity �y�i :=Pj 6=i yj, and further de�ne a user spe
i�
 parameter (ai) for the ith user asai := uihi�i � �2L : (2.3)3 Existen
e and Uniqueness of Nash EquilibriumThe ith user's optimization problem is to minimize its 
ost, given the sum of powers of other usersas re
eived at the base station, �y�i, and noise. The nonnegativity of the power ve
tor (pi � 0 ;8i)is an inherent physi
al 
onstraint of the model. Taking the derivative of the 
ost fun
tion (2.1)with respe
t to pi, we obtain the �rst-order ne
essary 
ondition:�Ji(pi; p�i)�pi = �i � LuihiPj 6=i hjpj + Lhipi + �2 � 0 (3.1)In the 
ase of a positive inner solution, (3.1) holds with equality. It is easy to see that the se
ondderivative is also positive, and hen
e the inner solution, if it exists, is the unique point minimizingthe 
ost fun
tion. The boundary solution, pi = 0, is the other possible optimal point for the
onstrained optimization problem. If the user's 
ost fun
tion, Ji(pi; p�i), attains its minimum fora power value less than zero, pi;min < 0, the optimal solution will be the boundary point. SolvingEquation (3.1) and invoking the positivity 
onstraint pi � 0, we obtain the rea
tion fun
tion, �i,of the ith user: pi = �i(�y�i; ai) = ( 1hi [ai � 1L �y�i℄; if �y�i � Lai0 ; else (3.2)The rea
tion fun
tion is the optimal response of the user to the varying parameters in the model.It depends not only on the user-spe
i�
 parameters, like ui, �i, and hi, but also on the networkparameter, L, and total power level re
eived at the base station, PMj=1 yj. A
tually (3.2) showsdependen
e only on �y�i, but adding (� 1Lpi) to both sides, and dividing both sides by (1� 1L), one
an express the response of the ith user as a fun
tion of the quantity PMj=1 yj. The base stationprovides the user with total re
eived power level using the downlink. If the frequen
y of userupdates is suÆ
iently high, this 
an be done in
rementally in order to de
rease the overhead to thesystem. A simpli�ed blo
k diagram of the system is shown in Figure 1.Similar to the transmission 
ontrol proto
ol (TCP) in the Internet [10℄, there is an inherentfeedba
k me
hanism here, built into the rea
tion fun
tion of the user. In this model, the totalre
eived power at the base station provides the user with information about the \demand" in thenetwork, whi
h is 
omparable to 
ongestion in 
ase of the TCP. However, one major di�eren
e isthat here the rea
tion fun
tion itself takes the pla
e of the window based algorithms in the TCP.In order for the ith mobile to be \a
tive", or pi > 0 the following 
onditions from (3.2) have tohold: ai > 0 and �y�i � Lai. An intuitive interpretation for these 
onditions is the following: If the4
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λFigure 1: A simpli�ed blo
k diagram of the system.pri
e, �i, is set too high for a mobile, the mobile prefers not to transmit at all, depending on its
hannel gain and utility parameter, and the spreading gain and interferen
e level.For any equilibrium solution, the set of �xed point equations 
an be written in matrix form byexploiting the linearity of (3.2). In 
ase of a boundary solution, the rows and 
olumns 
orrespondingto users with zero equilibrium power are deleted, and the equation below involves only the userswith positive powers. Hen
e we have (assuming here that all M users have positive power levels atequilibrium): 0BBBB� 1 h2Lh1 h3Lh1 � � � hMLh1h1Lh2 1 h3Lh2 � � � hMLh2... ... . . . ...h1LhM h2LhM � � � hM�1LhM 1
1CCCCA0BBB� p�1p�2...p�M1CCCA = 0BBB� 
1
2...
M1CCCA , Ap� = 
 ; (3.3)where the variable 
i is de�ned as 
i = aihi . Note that 
i > 0 if ai is positive.Theorem 3.1. In the power game just de�ned (with M users), let the indexing be done su
h thatai < aj ) i > j, with the ordering pi
ked arbitrarily if ai = aj. Let M� �M be the largest integer~M for whi
h the following 
ondition is satis�ed:a ~M > 1(L+ ~M � 1) ~MXi=1 ai : (3.4)Then, the power game admits a unique Nash equilibrium (NE), whi
h has the property that usersM�+1; : : : ;M have zero power levels, p�j = 0 j �M�+1. The equilibrium power levels of the �rstM� users are obtained uniquely from (3.3) with M repla
ed by M�, and are given byp�i = 1hi f LL� 1[ai � 1L+M� � 1 Xj2M� aj ℄g; i 2M� := f1; 2; : : : ;M�g : (3.5)5



If there is no ~M for whi
h (3.4) is satis�ed, then the NE solution is again unique, but assignszero power level to all M users.Proof. We �rst state and prove the following lemma, whi
h will be useful in the proof of thetheorem.Lemma 3.2. If 
ondition (3.4) is satis�ed for ~M = M̂ , it is also satis�ed for all ~M su
h that1 � ~M < M̂ .Proof. Suppose that 
ondition (3.4) holds for ~M = M̂ ; then we argue that it also holds for ~M =M̂ � 1. Substituting in (3.4) M̂ for ~M , we rewrite it as:(L+ M̂ � 2)aM̂ � aM̂�1 > M̂�2Xi=1 ai :Due to the indexing of users, we have aM̂�1 � aM̂ . Substituting aM̂�1 for aM̂ above, we obtain(L+ M̂ � 3)aM̂�1 > M̂�2Xi=1 ai :Hen
e, (3.4) is satis�ed for ~M = M̂ � 1. The proof then follows by indu
tion on ~M .Returning to the proof of the theorem, we �rst show that the matrix A in equation (3.3) is fullrank and hen
e invertible, and thereby the solution to (3.3), p�, is unique. Then we show thatthe solution is stri
tly positive (i.e. p�i > 0 8i 2 M) if, and only if, 
ondition (3.4) is satis�ed for~M = M . Finally, we relax 
ondition and allow for boundary solutions, and 
on
lude the proof byproving the uniqueness of the boundary solution.In order for the matrix A in (3.3) to be full rank and hen
e invertible, there should not exist anonzero ve
tor q = (q1 q2 : : : qM)T 6= 0 su
h that Aq = 0. This equation 
an be written as:Lhiqi +Xj 6=i hjqj = 0 8i) (L� 1)hiqi + MXj=1 hjqj = 0 8i (3.6)Summing up this set of equations over all users, i = 1; : : : ;M , we arrive at:(L� 1 +M)( MXj=1 hjqj) = 06



The term L � 1 +M above is nonzero, and hen
e the sum PMj=1 hjqj has to be zero. Sin
e the
hannel gains are stri
tly positive, hi > 0 8i, and L > 1, it follows from (3.6) that qi = 0 8i.A

ordingly, the matrix A is full rank and hen
e invertible, whi
h leads to a unique solution forequation (3.3). Simple manipulations lead to (3.5), with M� =M , for this unique solution.If the NE exists and is stri
tly positive, then (3.3) has to have a unique positive solution, whi
hwe already know is given by (3.5). Hen
e, (3.5) has to be positive, whi
h is pre
isely 
ondition (3.4)in view of also the indexing of the users. On the other hand, if (3.4) holds for ~M = M , then weobtain from (3.5) that the equilibrium power level of ea
h user is stri
tly positive. The existen
eand uniqueness of the NE follows from (3.3). We thus 
on
lude that 
ondition (3.4) with ~M = Mis both ne
essary and suÆ
ient for the existen
e of a unique positive Nash equilibrium.To 
omplete the proof for the 
aseM� =M , possible boundary solutions need to be investigatedto 
on
lude the uniqueness of the inner Nash equilibrium. We have to show that there 
annot beanother NE, with a subset ~M of ~M users transmitting with positive power, and the remainingM � ~M users having zero power level. In this 
ase, the rea
tive power level of the ith mobile,i 2 ~M, is given by (3.5) with M� = ~M .For any ith mobile, i =2 ~M, in order for the zero power level to be part of a Nash equilibrium,
ondition �y�i � Lai (3.7)should fail a

ording to the rea
tion fun
tion (3.2) of the mobile. Summing up the equilibriumpower levels as re
eived by the base station of ~M users with positive power levels (from (3.5) withM� = ~M) results in 1L Xj2 ~M yj = 1L+ ~M � 1 Xj2 ~Maj (3.8)Substituting in (3.7) the expression (3.8) for �y�i yieldsai � 1L+ ~M � 1 Xj2 ~Maj : (3.9)On the other hand, from Lemma 3.2, and (3.4), we have for any ith user in the indexed setf1; : : : ; ~M + 1g the following ai � 1L+ ~M � 1 ~MXj=1 aj : (3.10)Also, from the indexing of the users it follows thatP ~Mj=1 aj �Pj2 ~M aj: Using this in (3.10), we seethat inequality (3.9) is satis�ed for any ith user i 2 f1; : : : ; ~M + 1g regardless of the 
hoi
e of the7



subset ~M. We note that there exists at least one user belonging to the set f1; : : : ; ~M +1g, but notthe subset ~M. Thus, the power of that mobile must be positive, and hen
e the boundary solution
annot be a Nash equilibrium. As this argument is valid for any subset ~M, all boundary solutionsfail similarly for being an equilibrium, in
luding the trivial solution, the origin. We thus 
on
ludethat the inner Nash equilibrium is unique. This 
ompletes the proof for the 
ase M� =M .If M� < M in 
ondition (3.4), then the equilibrium (whenever it exists) will 
learly be aboundary point. If 
ondition (3.4) fails for usersM�+1; : : : ;M where users are indexed as des
ribedin Theorem 3.1, then these users use zero power in the equilibrium. Hen
e, for any ith user amongM� + 1; : : : ;M , 
ondition (3.7) should fail. It was shown above that equation (3.8) holds with~M = M�. As 
ondition (3.4) does not hold for the ith user, equation (3.9), and hen
e (3.7) fails.Thus, from (3.2) power level of the ith user is zero, pi = 0, at the equilibrium. As this holds forany i 2 fM̂ + 1; : : : ;Mg, the equilibrium power levels for these users are zero.We now argue that the given boundary solution is unique. One possibility is the existen
e ofan ith user, where 1 � i � M�, to have zero power. This 
annot be a Nash equilibrium, as itfollows from (3.8) and (3.9) with ~M = M�. Another possibility is the existen
e of an ith user,where M� � i �M , transmitting with positive power level. This 
annot be an equilibrium, either,as it was shown above that (3.7) fails for su
h an ith user, and pi = 0 follows dire
tly from therea
tion fun
tion (3.2). All possible boundary solutions 
an be 
aptured by various 
ombinationsof these two 
ases. Consider the 
ase where a subset of users among 1; : : : ;M� use zero powerwhereas some of the users among M� + 1; : : : ;M use positive power levels. Sin
e for the subset ofusers with positive power levels among M� + 1; : : : ;M 
ondition (3.4) does not hold, they 
annotbe in equilibrium following an argument similar to the one above. Otherwise, as 
ondition (3.4)holds for the subset of users with zero power level among 1; : : : ;M�, they 
annot be in equilibrium,either. We 
on
lude, therefore, that the boundary solution is unique.Finally, in the 
ase where no M� exists satisfying 
ondition (3.4), all users fail to satisfy (3.4),and the only solution is the trivial one, p�i = 0 8i .4 Update S
hemes for Mobiles, and StabilityIn this se
tion, we investigate the stability of the Nash equilibrium in the given model under tworelevant asyn
hronous update s
hemes: parallel and random update. We establish a suÆ
ient
ondition whi
h guarantees the 
onvergen
e to the unique equilibrium point for both algorithms.4.1 Parallel Update Algorithm (PUA)In the PUA, users optimize their power levels at ea
h iteration (in dis
rete time intervals) using therea
tion fun
tion (3.2). If the time intervals are 
hosen to be longer than twi
e the maximum delayin the transmission of power level information, it is possible to model the system as a delay-freeone. In a system with delays, there are subsets of users, updating their power levels given thedelayed information. 8



The algorithm is given byp(n+1)i = �i(�y(n)�i ; ai) = max(0; 1hi [ai � 1LXj 6=i y(n)j ℄) ; y(n)j = hjp(n)j ; (4.1)or equivalently by y(n+1)i = max(0; ai � 1LXj 6=i y(n)j ) ;whose global stability is established in the next theorem. This means that PUA 
onverges to theunique Nash equilibrium of Theorem 3.1 given asp�i = max(0; 1hi [ai � 1LXj 6=i hjp�j ℄) (4.2)from any feasible initial point, pi � 0 8i.Theorem 4.1. PUA is globally stable, and 
onverges to the unique equilibrium solution from anyfeasible starting point if the following 
ondition is satis�ed:M � 1L < 1 : (4.3)Proof. Let us de�ne the distan
e between the ith user's power level re
eived in the base station atany time (n) and re
eived equilibrium power level as 4y(n)i := y(n)i � y�i . We 
onsider �rst the 
asewhen y�i > 0 for an arbitrary ith user. Then, given the re
eived power levels of all users ex
ept theith one at time n, y(n)j j 6= i, we have the following from (4.1) and (4.2):j4y(n+1)i j(< 1L jPj 6=i4y(n)j j ; if ai < (�y(n)�i =L)= 1L jPj 6=i4y(n)j j ; elseThus, we obtain j4y(n+1)i j � 1LXj 6=i j4y(n)j j (4.4)Next, we 
onsider the 
ase when the re
eived equilibrium power level for an arbitrary ith useris zero, y�i = 0. Then, from (4.1) and (4.2) it follows thatj4y(n+1)i j � ( 1L jPj 6=i4y(n)j j ; if ai > (�y(n)�i =L)0 ; elseThus, the inequality (4.4) holds for any ith user at any time instant n for both 
ases. We now showthat (4.3) is a suÆ
ient 
ondition for the right-hand side of (4.4) to be a 
ontra
tion mapping. Letjj4yjj1 denote the l1-norm of the ve
tor (4y1 4y2 : : :4yM)T , i.e.,jj4yjj1 = maxi j4yij (4.5)9



Then, from (4.4), jj4y(n+1)jj1 � 1L maxi Xj 6=i j4y(n)j j � M � 1L jj4y(n)jj1 :Hen
e, (4.4) is a 
ontra
tion mapping under 
ondition (4.3), whi
h leads to the stability and global
onvergen
e of the PUA (4.1).We �nally note that using an initial admission 
ontrol me
hanism and user dropping s
heme,whi
h limits the number, M , of users in the 
ell, this 
ondition 
an easily be satis�ed for a givenL. Thus, the stability and 
onvergen
e of the algorithm follows.4.2 Random Update Algorithm (RUA)Random update s
heme is a sto
hasti
 modi�
ation of PUA. The users optimize their power levelsin dis
rete time intervals and in�nitely often, with a prede�ned probability 0 < �i < 1. Thus, atea
h iteration a set of randomly pi
ked users among the M update their power levels. The systemwith delay is also similar to PUA. The users make de
isions based on delayed information at theupdates, if the round trip delay is longer than the dis
rete time interval.The RUA algorithm is des
ribed byy(n+1)i = (hi�i(�y(n)�i ; ai); with probability �iy(n)i ; with probability 1� �i ;where �i was de�ned in (4.1). We already know from the proof of Theorem 4.1 that if user iupdates, then (4.4) holds. Hen
e, for ea
h i = 1; : : : ;M ,Ej4y(n+1)i j = Efj4y(n+1)i j ���user i updates at time ng�i+Efj4y(n)i j ���user i does not update at time ng(1� �i)� �iL Xj 6=i Ej4y(n)j j+ (1� �i)Ej4y(n)i j (4.6)Using again the l1-norm de�ned in (4.5), but with j4yij repla
ed by Ej4yij (that is, jj4yjj1 :=maxiEj4yij), and following steps similar to the ones of PUA, we obtainmaxi Ej4y(n+1)i j � M � 1L jj4y(n)jj1maxi �i +maxi (1� �i)jj4y(n)jj1whi
h leads to jj4y(n+1)jj1 � (M � 1L �� + (1� �))jj4y(n)jj1 ;where �� < 1 and � > 0 are the upper and lower limits for the update probability of the ith userrespe
tively, � < �i < ��. Therefore, 10



M � 1L �� + (1� �) < 1 (4.7)is a suÆ
ient 
ondition for the right-hand side of (4.6) to be a 
ontra
tion mapping, and for thestability and 
onvergen
e of RUA in norm. We also note that when all users have the same updateprobability, �i = � 8i, this 
ondition simpli�es to (M � 1)=L < 1, same suÆ
ient 
ondition (4.3)as the one for PUA. We show next a stronger result, almost sure (a.s.) 
onvergen
e of RUA, under
ondition (4.7). By the Markov inequality and using the de�nition of the l1-norm, we have1Xn=1P (j4y(n)i j > ") � 1Xn=1 Ej4y(n)i j" � 1" 1Xn=1 jj4y(n)jj1 ; (4.8)where P (:) denotes the underlying probability measure. Sin
e Ej4y(n)i j is a 
ontra
ting sequen
ewith respe
t to the l1-norm as shown,jj4y(n)jj1 � �jj4y(n�1)jj1 � � � � � �njj4y(0)jj1 ;where 0 < � < 1. Using this in (4.8), it follows that1Xn=1P (j4y(n)i j > ") � 1Xn=1�n jj4y(0)jj1" = jj4y(0)jj1"(1 � �) ;and thus follows, 1Xn=1P (j4y(n)i j > ") � K"(1 � �) ;where K is a 
onstant (a
tually, K = jj4y(0)jj1). Hen
e, the in
reasing sequen
e of partial sumsPNn=1 P (j4y(n)i j > ") is bounded above by K"(1��) . Thus, it 
onverges for every " > 0. From theBorel-Cantelli Lemma [11, 12℄, it then follows thatP (lim supn!1 f! : j4y(n)i j > "g) = 0 :Hen
e, RUA 
onverges also a.s. under 
ondition (4.7).4.3 Comparison of PUA and RUAOne important feature of PUA is that it as
ribes a myopi
 behavior to the users, that is they opti-mize their power levels based on instantaneous 
osts and parameters, ignoring future impli
ationsof their a
tions. This behavior of users is realisti
 for the analyzed wireless network as it may notbe feasible or even possible for a mobile to estimate future values of total interferen
e in the 
ell orfuture variations in its own 
hannel gain. 11



In the 
ase of RUA, the users are again myopi
 and update their power levels based on instan-taneous parameters. But, not all of them a
t at every iteration; whether a parti
ular user respondsor not is determined probabilisti
ally. In the limiting 
ase when all update probabilities, �i, areequal to 1, RUA is the same as PUA. An advantage of RUA, however, is that through it one 
aninvestigate the 
onvergen
e of the proposed s
heme when there are random delays in the system.Su
h delays may be due to di�eren
es in the pro
essing or propagation times.As we will see in the simulations in
luded in Se
tion 6, in a delay-free system if all the usershave the same initial power level, then RUA performs better than PUA. This is due to the myopi
behavior of users, as well as the inherent randomization in the 
ase of RUA. On the other hand,the opposite is true for a system with delay as variations in delay provide suÆ
ient randomization,and PUA be
omes more advantageous due to frequent updates. More detailed observations on the
onvergen
e of both algorithms 
an be found in Se
tion 6 for both delay-free and delayed 
ases.5 Pri
ing Strategies at the Base StationIn a non
ooperative network, pri
ing is an important design tool as it 
reates an in
entive for theusers to adjust their strategies, in this 
ase power levels, in line with the goals of the network. Inthe CDMA system we are studying here, the pri
e per unit power of the ith user, �i, is determinedby the base station in a manner to be dis
ussed shortly. We introdu
e a pri
ing s
heme where thepri
e 
harged to ea
h user is proportional to the re
eived power from the user at the base station.Thus, the pri
e is proportional to the 
hannel gain of the ith user, �i = kihi.The inner Nash solution by itself does not guarantee that the users with nonzero power levelswill meet the minimum SIR requirement to establish a 
onne
tion to the base station. A
hievingthe ne
essary SIR level is obviously 
ru
ial to the su

essful operation of the system. Furthermore,one has to re
ognize that di�erent 
ommuni
ation appli
ations in wireless systems leads to di�erenttypes of users and SIR requirements in addition to the minimum SIR level.In view of these 
onsiderations, we will 
onsider in this se
tion two di�erent pri
ing s
hemes:(i) A 
entralized pri
ing s
heme: Users are divided into 
lasses, with all users belonging to aparti
ular 
lass having the same utility fun
tion parameter (ui). Further, all users within a 
lasshave the same SIR requirement. The role of the base station is to set pri
es for these di�erent
lasses su
h that, under the resulting Nash equilibrium, the SIR targets of the users are met.(ii) De
entralized, market-based pri
ing: The base station sets a single pri
e for all users, andthe users 
hoose their willingness to pay parameter, (ui), to satisfy their QoS requirements. As
ompared to the 
entralized s
heme, this one is more 
exible, and allows users to 
ompete for thesystem resour
es by adjusting their individual ui's.5.1 Centralized Pri
ing S
hemes and Admission ControlFirst, we 
onsider the symmetri
-user 
ase where every mobile has the same SIR requirement, andfor 
onvenien
e we let ui = 1. It is possible to �nd a simple pri
ing strategy by pi
king the pri
e12



dire
tly proportional to the 
hannel gain, �i = khi, where the pri
ing fa
tor, k, is user independent.The parameter k is a fun
tion of the number of users and the desired SIR level.Noti
e that this approa
h is equivalent to 
entralized power 
ontrol as the pri
es are adjustedby the base station in su
h a way that the mobiles use the power levels determined by the uniqueNash equilibrium as a result of their individual optimization. Moreover, the base station 
an setthe pri
es su
h that the SIR requirements of the users are satis�ed. A pre
ise result 
overing this
ase is now 
aptured by the following theorem.Theorem 5.1. Assume that the users are symmetri
 in their utilities, ui = 1 8i, they have thesame minimum SIR requirement, 
�, and are 
harged proportional to their 
hannel gain, �i = khi.Then the maximum number of users, M�, the system 
an a

omodate is bounded byM� < L
� + 1 : (5.1)Moreover, the pri
ing parameter k under whi
h M �M� users a
hieve the SIR level 
� isk = �ihi = L�2 L� 
�(M � 1)L(
� + 1) : (5.2)Proof. Solving for the user-independent yi from (3.2), we haveyi = (L=k)� �2L+M � 1Combining this result and the SIR fun
tion in (2.2), and taking the minimum SIR, 
�, as input,we obtain (5.2) for a single 
lass of users in a 
ell. To ensure that (5.2) is well de�ned, we requirethe 
ondition in (5.1). Based on (5.2), 
ondition (5.1) satis�es (3.4). Thus, both the ne
essary andsuÆ
ient 
onditions for a unique positive Nash equilibrium are satis�ed if (5.1) holds. Then, theunique solution is stri
tly positive a

ording to Theorem 3.1, and all M � M� users attain thedesired SIR level, 
�.We note that if M > M�, all users fall below the desired SIR level (
�) due to the symmetry.In this 
ase, dropping some of the users from the system in order to de
rease the number of usersM below the threshold (M�) would lead to a viable solution.Next, we 
onsider the 
ase where the network may provide multiple servi
e levels and multiplepri
ing s
hemes. For this more general 
ase, it is 
onvenient to split the mobiles in a 
ell intomultiple groups a

ording to their need for bandwidth, or in our 
ontext, their desired SIR levels,where the users within ea
h group are symmetri
. Using a multiple pri
ing s
heme, a solution
apturing multiple user groups 
an be obtained straightforwardly.
13



5.2 Market-Based S
hemeIt is natural to think of ea
h user within a 
ell having di�erent SIR requirements, whi
h 
an bequanti�ed with the user-spe
i�
 utility parameter u. The base station 
an implement a naturalpri
ing strategy by formulating the pri
ing parameter dire
tly proportional to the 
hannel gain,�i = khi. However, it is impossible in this 
ase for the base station to 
al
ulate the parameterk, as the user preferen
es are unknown to the base station. Hen
e, after the base station sets anappropriate value for pri
e (k), ea
h user dynami
ally updates its power level by minimizing its
ost under parallel update (PUA) or random update (RUA) algorithms. As a result, a distributedand market-based power 
ontrol s
heme is obtained.Due to the interferen
e in the CDMA system, ea
h user a�e
ts others. Hen
e, the ith mobile
an adjust its utility parameter, ui, dynami
ally a

ording to its minimum SIR level, 
�i , given theinterferen
e at the base station. From (3.2) and (2.2), it follows thatui > �iLhi (
�i + 1)(�y�i + �2)The parameter ui is bounded below by the total re
eived power at the base station. This 
an beinterpreted as follows: If a mobile is in a 
ell where the interferen
e is low, the mobile 
an a
hievethe desired SIR level with a low power, hen
e paying a lower pri
e. However, in a situation wheremany users 
ompete for the SIR, the mobile has to use more power, and pay a higher pri
e to rea
hthe same SIR level. In the latter 
ase, the user's willingness to spend more 
an be justi�ed with ahigher ui based on (3.2).We note that, together with the utility fun
tion, the utility parameter ui quanti�es the user'sdesire for the SIR. The base station 
an limit aggressive requests for SIR even in the 
ase when auser pays for its ex
essive usage of power, by setting an upper-limit, ymax, for the re
eived powerof the ith user at the base station: yi � ymax. Hen
e, unresponsive users 
an be punished by thebase station in order to preserve network resour
es. From (3.2), we 
an obtain an upper-boundon the value of ui. Furthermore, this bound depends only on user-independent parameters, su
has the upper limit of the total re
eived power at the based station, maximum number of mobiles,Mmax, and the spreading gain, L, if proportional pri
ing is used:ui � kL [�2 + (L+Mmax � 1)ymax℄ ;8i:When this bound is 
ombined with a simple admission 
ontrol s
heme, limiting the number ofmobiles to Mmax, the base station 
an provide guarantees for a minimum SIR level 
min:
min = Lymax(Mmax � 1)ymax + �2A tradeo� is observed in the 
hoi
e of the design parameters 
min versus Mmax. If the networkwants to provide guarantees for a high SIR level, then it has to make a sa
ri�
e by limiting thenumber of users. In addition, users may implement a distributed admission s
heme a

ording totheir budget 
onstraints and desired SIR levels. If the pri
e ne
essary to rea
h a SIR level ex
eeds14



the budget, Bi, of the user, that is k
�iL (�y�i + �2) � Bi, then the user may simply 
hoose not totransmit at all.6 Simulation StudiesThe proposed power 
ontrol s
heme has been simulated numeri
ally using MATLAB. Here, we�rst investigate di�erent pri
ing s
hemes for symmetri
 mobiles in the �xed-utility 
ase. Then, weanalyze the robustness of the system under varying parameters su
h as noise, the number of users,and 
hannel gains. Furthermore, the rate of 
onvergen
e of both update s
hemes, PUA and RUA,are studied both in the delay-free and delayed 
ases. Finally, we investigate a system 
onsistingof users with various utility parameters. All results of the simulations are valid for both updates
hemes, PUA and RUA, where the only di�eren
e between the two is the 
onvergen
e rate.Simulation parameters are 
hosen as follows, unless otherwise stated. The spreading gain L =128 is 
hosen in a

ordan
e with IS-95 standard [1℄. Noise fa
tor is �2 = 1 whereas the stopping
riterion or distan
e to equilibrium is given by � = 10�5. The users are assumed to be lo
atedrandomly in the 
ell where the distan
e of the ith user to the base station, di, is uniformly distributedbetween d0 = 10 and dmax = 100. The 
hannel gains of users are determined by a simple large-s
alepath loss formula hi = (d0=di)2 where the path loss exponent is 
hosen as 2 
orresponding to open airpath loss. Under the �xed-utility 
ase, users have the same utility parameter, ui = 1 ;8i. The initial
ondition for simulations is pi = 1 ;8i, an estimated value for establishing initial 
ommuni
ationbetween the mobile and the base station. In the simulations, a dis
rete time s
ale is used. Thedelay-free 
ase is 
hara
terized by a time span that is long enough for perfe
t information 
ow tousers. Subsequently, delay is introdu
ed to the system to make the setting more realisti
.6.1 E�e
t of the Pri
ing ParametersIn the �rst simulation, proportional and �xed pri
ing s
hemes are 
ompared. For simpli
ity, we�rst 
hoose the users being symmetri
 under both �xed pri
ing, �i = �, and proportional pri
ing,�i = khi. For illustrative purposes the number of users is 
hosen small, M = 20.In Figure 2, the equilibrium power and the SIR values of ea
h user 
an be seen under bothpri
ing s
hemes. In the top graph, power values of the users with di�erent 
hannel gains are almostthe same under �xed pri
ing. Hen
e, the users with lower 
hannel gains a
hieve lower SIR values. In
ontrast, all users meet a minimum SIR level under proportional pri
ing, regardless of their 
hannelgain. An intuitive explanation is that under proportional pri
ing the distant users are allowed touse more power to attain the ne
essary SIR level. We also note that, proportional pri
ing is `fair'in the sense that the users are not a�e
ted by their distan
e to the base station.Convergen
e of users' power levels to their equilibrium values is demonstrated in Figure 3 (a)under PUA, and Figure 3 (b) under RUA with update probability being 0:6. In both 
ases thereare 10 users and L = 20.The e�e
t of pri
ing is investigated in the next simulation for a single 
lass of users by varying thepri
ing parameter, k, under proportional pri
ing. Equivalently, this simulation 
an be interpreted15



0 2 4 6 8 10 12 14 16 18 20
10

−2

10
0

10
2

10
4

Power Curves of N=20 users

0 2 4 6 8 10 12 14 16 18 20
−40

−20

0

20

40
SIR Values (in dB)

Proportional Pricing
Fixed Pricing       

0 2 4 6 8 10 12 14 16 18 20
10

−2

10
−1

10
0

Channel Gains

UsersFigure 2: Comparison of power and SIR �nal values of the mobiles for the �xed and proportionalpri
ing s
hemes.

0 2 4 6 8 10 12
0

0.5

1

1.5

2

2.5

3

3.5
Power Values vs. Number of Iterations under PUA (L=20,N=10)

Iterations

P
ow

er
 le

ve
l

0 2 4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

3

3.5
Power Values vs. Number of Iterations under RUA (pi=0.6,L=20,N=10)

Iterations

P
ow

er
 le

ve
l

(a) (b)Figure 3: Convergen
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as varying the utility parameter, u. Both parameters play a 
ru
ial role in the system by a�e
tingthe overall power and SIR levels. From (3.2), the e�e
t of ui on the system is inversely proportionalto ki. In Figure 4 it 
an be observed that a gradual in
rease in k from 1 to 4, i.e. an in
rease inpri
e, a�e
ts the system in a su
h a way that both power and SIR values de
rease. Sin
e, with anin
rease in the pri
e, the users de
rease their powers to the same extent leading to lower SIR valuesgiven a 
onstant noise level. Equivalently, a de
rease in u, the users' level of request for SIR, givesthe same result. Furthermore, the observations mat
h theoreti
al 
al
ulations for the single 
lass
ase in a

ordan
e with (5.2).
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Figure 4: E�e
t of the pri
ing parameter, k, (utility parameter 1=u) on the SIR and the powerlevels of users.6.2 Convergen
e Rate and Robustness of Algorithms6.2.1 Simulations without DelayThe 
onvergen
e rate of the two update s
hemes is of great importan
e, as it has a dire
t e�e
t onthe robustness of the system. We have simulated PUA and RUA for di�erent numbers of symmetri
users under a single pri
ing s
heme. In Figure 5, the number of iterations to the equilibrium pointis shown for di�erent probability values of RUA and also for PUA (whi
h 
orresponds to RUAwith the update probability equal to one). As the number of users in
rease the optimal updateprobability de
reases. This result is in a

ordan
e with the one in [13℄ where it is shown that in aquadrati
 system without delay, an approximate value for the optimal update probability is 23 , asnumber of users goes to in�nity. On the other hand, if number of users is mu
h smaller than thespreading gain, M � L, then PUA is superior to RUA.17



0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0
100

200
300

400
500

0

10

20

30

40

50

60

70

Number of Users

RUA for different Nbr. of users and Update Prob.

Update Probability

N
um

be
r 

of
 It

er
at

io
ns

Figure 5: Convergen
e rate for di�erent update probabilities and in
reasing numbers of users.L = 800.Next, we investigate the robustness of the system in the delay-free 
ase. First, we analyze itunder in
reasing noise, �2. The ba
kground noise is in
reased step by step up to 100% of its initialvalue. A

ordingly, the base station allows users to in
rease their powers by de
reasing the pri
esby the same per
entage in the �xed-utility 
ase. The simulation is repeated with N = 20 usersunder a proportional pri
ing s
heme. We observe in Figure 6 (a) that the power values in
rease inresponse to the in
reasing noise to keep the initial SIR 
onstant. Similarly, we in
rease the numberof mobiles in the system threefold in Figure 6 (b). It has the same e�e
t as in
reasing the noise dueto the nature of CDMA. Again by adjusting the pri
es a

ordingly, all users keep their SIR levels.Same results are obtained equivalently under the market-based pri
ing s
heme, where users adjusttheir utility parameter, u, dynami
ally while the pri
ing parameter determined by the base stationis kept 
onstant. As a 
on
lusion, these observations 
on�rm the robustness of the proposed power
ontrol s
heme.Finally, we simulate the system in a realisti
 setting under a single pri
ing s
heme: The numberof users, N = 10 taken as initial value, is modeled as a Markov 
hain. Arrival of new mobilesis 
hosen to be Poisson with an average of 2 new users per time interval. Call durations areexponentially distributed with an average of 20 time intervals. We observe the average per
entagedi�eren
e between the theoreti
al equilibrium and the 
urrent operating point of the system interms of power values of users for some period of time. In the simulation, PUA is 
hosen as theupdate algorithm. The initial 
ondition is the equilibrium point for users. The simulated systemoperates within 1% range of the equilibrium points, and the results are very similar to those of inFigure 7.Heretofore, robustness of the system was investigated for stati
 mobiles. The movements of the18
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s(a) (b)Figure 6: Power and SIR �nal values for in
reasing noise (a) and numbers of users (b).users within the 
ell result in varying 
hannel gains. In the next simulation, the lo
ations, hen
e,
hannel gains of users are varied randomly. The movement of ith user is modelled after a randomwalk where a random value is added to the distan
e of the user to the base station di at ea
h timeinstant. Hen
e, we obtain di(n+ 1) = di(n) + x(n) where x(n) 2 [�1; 1℄ is uniformly distributed.Furthermore, the setting used in this simulation is the same as previous one. From Figure 7, thesystem again operates within 1% distan
e to equilibrium.6.2.2 Simulations with DelayWe introdu
e the delay fa
tor into the system in the following way: users are divided into d equal sizegroups, and ea
h group has an in
reasing number of units of delay. First, the 
onvergen
e rates ofthe two update s
hemes are 
ompared and 
ontrasted under delay-free and delayed 
onditions. Theupdate probability of RUA is 
hosen as 0:66 whi
h 
orresponds to the optimal update probabilityfor a large number of users. In the delay-free 
ase RUA outperforms PUA as the number of usersin
reases. In the delayed 
ase, however, PUA is always superior to RUA.Then, the simulation investigating the 
onvergen
e rate of RUA for various update probabilitiesis repeated in the delayed 
ase. The result shown in Figure 8 is di�erent from the previous one inFigure 5. Here, PUA 
onverges faster than RUA for any number of users verifying previous results.Finally, a market-based pri
ing s
heme with proportional pri
ing at the base station, k = 1, isinvestigated. There are two groups of users, whi
h are symmetri
 within themselves. Users in ea
hgroup have di�erent utility parameters, u. The group with higher u is labeled as the \priority"user group, while the other one is 
alled the \regular" user group. In order to observe the e�e
tof varying number of users on the SIR levels, we let a sample user from ea
h group make a longenough 
all. At the same time, the number of users in ea
h group and 
hannel gains of the usersare varied similar to those in previous robustness simulations to 
reate realisti
 disturban
es inthe system. For simpli
ity, the values of the utility parameters are kept 
onstant throughout the19
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Figure 7: Average per
entage distan
e to the equilibrium point vs. time. Channel gains, hi, arevaried based on random movements of users.
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ted users from priorityand regular user groups versus time.simulation. In Figure 9, it is observed that a priority user always obtains a higher SIR than aregular user. Another observation is that priority users use a higher power level, and therefore paymore than regular users, as expe
ted. The 
u
tuation in the power levels is due to the varyingnumber of users, and varying total demand for SIR in the system.7 Con
lusionIn this paper, we have developed a mathemati
al model within the framework of non
ooperativegame theory, and have obtained distributed, asyn
hronous 
ontrol me
hanisms for the uplink power
ontrol problem in a single 
ell CDMA wireless network. Existen
e of a unique Nash equilibriumhas been proven, and 
onvergen
e properties of parallel and random update s
hemes have beeninvestigated analyti
ally and numeri
ally. Moreover, 
onditions for the stability of the uniqueequilibrium point under the update algorithms have been obtained and analyzed a

ordingly.We have shown that the unique Nash equilibrium has the property that, depending on theparameter values, only a subset of the total number of mobiles are a
tive. Some of the users aredropped from the system as a result of the power optimization. By de�ning a utility fun
tion and autility parameter, user requests for SIR were modeled dynami
ally. Furthermore, the relationshipbetween the SIR level of the users and the pri
ing has been investigated for two di�erent pri
ings
hemes for the �xed and varying utility 
ases. It has been shown both analyti
ally and throughsimulations that 
hoosing an appropriate pri
ing strategy guarantees meeting the minimum desiredSIR levels for the a
tive users in the �xed-utility 
ase. In addition, the prin
iples for an admission21



s
heme have been investigated under the market-based s
heme.The results obtained indi
ate that the proposed framework provides a satisfa
tory de
entral-ized and market-based solution. The algorithms in this model are pra
ti
ally implementable, asthe only information a user requires to update its power other than own preferen
es and �xed pa-rameters is the total re
eived power level from the base station. This information may be 
onveyedin
rementally to redu
e the overhead in the 
ase of frequent updates.Although a spe
i�
 
ost stru
ture is 
hosen in this paper, most of the results may be extendedto more general 
ost fun
tions. Another possible extension to this work is to a multiple 
ells model,where the e�e
t of neighboring 
ells are taken into a

ount. A further topi
 of interest is thedevelopment of the 
ounterparts of the results in the 
ase of multiple base stations, whi
h bringsup the 
hallenging issue of hando�.Referen
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