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Abstract—This paper studies a constrained optical signal-to-
noise ratio (OSNR) optimization problem in optical networks
from the perspective of system performance. A system optimiza-
tion problem is formulated with the objective of achieving an
OSNR target for each channel while satisfying the total power
constraint. In order to establish existence of a unique optimal
solution, the conditions are derived, which can be used as a
basis for an admission control scheme. The original problemis
then converted to a relaxed system problem by using a barrier
function and solved by a distributed iterative algorithm. Next,
the system optimization framework developed is compared to
the game theoretic one in [1]. The effects of parameters in
both formulations are investigated to study efficiency of Nash
equilibria in the OSNR game and pricing mechanisms affecting
overall system performance. The theoretical analysis is supported
by numerical simulations and experiments conducted on an
optical fiber link.

I. I NTRODUCTION

Multi-channel optical communication systems are realized
by wavelength division multiplexing (WDM), which consists
of several sources multiplexed in wavelength domain and
transmitted over the same optical fiber. Control of optical
networks via an optimization-based approach arises in the
context of evolution of optical communications from stati-
cally designed point-to-point links, to reconfigurable WDM
networks. A reconfigurable optical network operates dynami-
cally, with existing channels being continuously served while
network reconfiguration (e.g., channel added/dropped) is be-
ing performed. Essential research topics include optimization
of channel performance with general topologies and online
reconfiguration [2].

At the physical transmission level, channel performance
is directly determined by the bit-error rate (BER), which in
turn, depends on OSNR, dispersion and nonlinear effects [3].
OSNR is considered as the dominant performance parameter
in link optimization, with dispersion and nonlinearity being
limited with proper link design [4]. In multi-channel optical
communication systems, a signal over the same optical link
can be regarded as an interfering noise for others, which leads
to the OSNR degradation [5]. Regulating the input optical
power per channel atSource(transmitter site, Tx) aims to
achieve a satisfactory OSNR level atDestination (receiver
site, Rx). Such a satisfactory OSNR level, or OSNR target of
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each channel is regarded asOSNR constraint. Particularly in
optical networks, because all wavelength-multiplexed channels
in a link share the optical fiber, the total input power on a
link has to be below the nonlinearity threshold [3], which can
be regarded as thetotal power constraint. In order to avoid
the nonlinearity effects of optical fiber, both the peak power
of each wavelength and the total power of all wavelengths
are important. In the multi-channel case, especially with a
large number of channels, the total power constraint can be
stronger than the individual channel power constraint. In this
paper we study OSNR optimization in optical links from the
perspective of system performance. The objective is to achieve
an OSNR target for each channel while satisfying the total
power constraint.

The OSNR optimization problem in optical networks be-
longs to a subclass of resource allocation in general commu-
nication networks [6]–[11]. The problem in optical networks is
more challenging: a complex mathematical OSNR model due
to cascaded optical amplified spans with a typical automatic
power control (APC) operation mode and self-generation and
accumulation of optical amplified spontaneous emission (ASE)
noise in optical amplifiers, as well as specific constraints im-
posed by dispersion and nonlinear effects. A typical approach
for OSNR optimization uses a static budget of impairments
along an amplified fiber link with certain tolerance margins
added such that at least a desired OSNR value is achieved. For
example in [12], a simple, heuristic algorithm was devised for
online OSNR equalization in long WDM links. Such a method
requires no new equipment or adjustments at intermediate sites
along the link. However its convergence was not considered.

The OSNR optimization problem in optical networks has
been studied via a central cost approach in [5], with the
objective of maintaining a desired OSNR for each channel
while minimizing total channel input optical power. In this
paper, the OSNR optimization problem is subject to more
physical constraints, for example, the total power constraint
is considered. Moreover, the system cost function of this
optimization problem is more general than the one in [5].
The devised algorithm can be implemented in a distributed
way with no new equipments added and unlike [12], its
convergence is guaranteed.

The OSNR optimization problem was also studied in [1]
via a noncooperative (Nash) game-theoretic approach [13].
In the Nash game, each channel is a player and competes
to optimize its OSNR independently, i.e., to minimize its
individual cost function by regulating its optical power atTx,
given the optical powers of all other channels at Tx. A solution
to the Nash game is called a Nash equilibrium (NE) solution.
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Moreover, the Nash game immediately leads to distributed
iterative algorithms towards finding the NE solution. Although
in the game-theoretic framework, the total power constraint
has been considered, the channel OSNR constraint was not. [1]
provided an analytical approach to achieve given OSNR targets
by tuning the parameters in associated game cost functions,
which is also related to pricing mechanism [6].

It is well known that the Nash equilibria of a game may
not achieve full efficiency due to the selfish behavior of
players [6], [14]–[18]. The resulting degree of efficiency
loss is known as the“price of anarchy” [19]. In particular,
results have suggested that the system performance may not
be degraded arbitrarily, provided that a pricing mechanism
is chosen properly [6], [16]. A short version of this work
appeared in [20] where only the system optimization setup
was considered. In this paper, we are also interested to know
how much cost is added or utility is lost due to the player’s
selfish behavior in a Nash game, based on the rigorous system
optimization setup. Or in other words we consider the social
welfare. There are many possible social welfare functions,
one of which is the aggregate function. We use the system
cost function as the social welfare function and we study the
game efficiency by investigating the effects of parameters in
individual game cost functions presented in [1]. We show that
the aggregate cost function in the game theoretical formulation
is not automatically strictly convex and finding the optimal
solution of the associated constrained optimization problem
is not immediate. We indicate that the system optimization
problem we considered leads to an individual cost function that
has an approximate interpretation as the game cost function
in [1]. We compare the numerical results and show the effects
of pricing mechanisms on the equilibria attained.

This paper is organized as follows. In Section II, we
give some background of this work. A link OSNR model
is reviewed and related work is presented. In Section refsec-
sysoptiprob, we formulate the system optimization problem.
In Section IV, a distributed iterative algorithm is proposed.
We provide simulation and experimental results in Section V
and we study the effects of parameters in the Nash game
numerically in Section VI. Section VII gives conclusions and
directions for future work.

II. BACKGROUND

A. Link OSNR Model

Consider a point-to-point optical link shown in Fig. 1. A
set M = {1, . . . , m} of channels, corresponding to a set
of wavelengths, are transmitted over the link from Txs to
corresponding Rxs by intensity modulation and wavelength-
multiplexing [3]. The link consists ofN cascaded spans of
optical fiber each followed by an optical amplifier (OA). It is
assumed that all spans have equal length.

Channel optical power is attenuated during propagation
through the optical fiber. OAs are deployed along optical links
to amplify optical power of all channels simultaneously. All
OAs are assumed to be operated in APC mode and have the
same gain spectral shape and the gain value for channeli
is Gi. Amplification is accompanied by the introduction of

Rx

Rx

Rx

Optical Amplifier

Optical Fiber

Multiplexer Demultiplexer

Tx

Tx

Tx

u1, n
0
1

u2, n
0
2

um, n0
m

p1, n1

p2, n2

pm, nm

Fig. 1. Point-to-point optical link

ASE noise [3]. ASE noise is wavelength-dependent and ac-
cumulates along OAs during propagation. We denoteASEs,i

the ASE noise power of channeli after spans defined as
ASEi = 2nsp(Gi − 1)hνiB, with nsp the amplifier excess
noise factor,h the Planck’s constant,B the optical bandwidth
andνi the optical frequency of channeli. Note that in the APC
operation mode, the same total power is launched into each
span of a link. The total power, denoted byP 0, is typically
selected to be below a threshold to reduce nonlinear effects
across optical fiber [3], [21].

We denoteui and n0
i the signal optical power and noise

optical power of channeli ∈ M at Tx, respectively. Similarly,
we denotepi and ni the signal optical power and noise
optical power of channeli ∈ M at Rx, respectively. Let
u = [u1, . . . , um]T denote the vector form. Equivalently, we
write (u−i, ui) with u−i = [u1, . . . , ui−1, ui+1, . . . , um]T in
some context to represent the same vectoru. The signal optical
power at Tx is typically bounded for each channel. That is,ui

is in a bounded setΩi = [0, umax] whereumax is sufficiently
large. The bounded setΩi is assumed to be identical for all
channels. We useΩ = Ω1×· · ·×Ωm to represent its Cartesian
product.

The OSNR of channeli at Rx is defined asOSNRi = pi

ni
.

The following lemma [5] gives the OSNR model of a point-
to-point optical link.

Lemma 1:The channel OSNR at Rx is given as

OSNRi =
ui

n0
i +

∑
j∈M Γi,juj

(1)

whereΓ = [Γi,j ] is the system matrix with

Γi,j =

N∑

s=1

(Gj)
s

(Gi)s

ASEs,i

P 0
(2)

Equivalently, (1) can be rewritten asOSNRi = ui

X−i+Γi,iui
,

whereX−i = n0
i +

∑
j∈M,j 6=i Γi,juj.

We study such an OSNR optimization problem in which
the OSNR set of all channels is lower-bounded by a set
of OSNR targets. Regulating the optical powers at Tx, i.e.,
allocating optical resource among channels, aims to achieve
a satisfied OSNR level for each channel at Rx. We letγ̂i be
channeli’s target OSNR and the corresponding vector form is
γ̂ = [γ̂1, . . . , γ̂m]T . Thus the OSNR optimization problem is
subject to the followingOSNR constraint:

OSNRi ≥ γ̂i, ∀ i ∈ M (3)

Recall that when OAs are operated in the APC mode, the
same total powerP 0 is launched into each span of the link.
This leads to a uniform total power distribution along the
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link, which minimizes nonlinear effects after each span [21].
However, this is not applicable to limit nonlinear effects on
the optical fiber at the beginning of the link, i.e., the first
segment of optical fiber. Thus the following condition (total
power constraint) is considered to limit nonlinear effects:∑

j∈M uj ≤ P 0. In the OSNR optimization problem, it is
imposed when regulating the optical powers at Tx.

B. Related Work

The OSNR optimization problem with the total power con-
straint on a single point-to-point optical link was formulated
as a Nash game in [1].

In the game framework, the action spacēΩ = {u ∈
Ω |

∑
j∈M uj − P 0 ≤ 0} is coupled. The action set for

each channeli is the projection setΩ̂i(u−i) = {ξ ∈
Ωi |

∑
j∈M,j 6=i uj +ξ−P 0 ≤ 0}. An individual cost function

Ji assigned to each channeli ∈ M is defined as the difference
between apricing function Pi and a utility function Ui:
Ji = Pi − Ui. The utility function Ui is chosen to be a
logarithmic function of the associated channel’s OSNR:

Ui = βi ln(1 +
ai

1/OSNRi − Γi,i

), ∀ i ∈ M (4)

whereβi > 0 is a channel-defined parameter indicating the
strength of the channel’s desire to maximize its OSNR and
ai > 0 is a scaling parameter for flexibility. From (4) we can
see thatUi is monotonically increasing inOSNRi. Hence,
maximizing the utility functionUi is related to maximizing
OSNRi.

The pricing function consists of two terms: a linear pricing
term and a regulation (penalty) term,

Pi(u−i, ui) = αiui +
1

P 0 −
∑

j∈M uj

, ∀ i ∈ M, (5)

whereαi > 0 is a pricing factor determined by the system.
The linear pricing term can be interpreted as the price a

channel pays for using the system resources. From the system
performance point of view, the linear pricing term here is to
limit the interferences of other channels caused by this channel
and hence it improves the overall system performance [6].

The regulation term is constructed by considering the total
power constraint. It indeed has a very fast rate of variations
and high value when the total power

∑
j∈M uj approaches to

the total power constraintP 0. It has been shown in [1] that
such a term affects the development of iterative algorithms.
It also has been shown in [22] that the regulation term
limits the maximum value of the step-size in the proposed
gradient algorithm. However, such a regulation term directly
consider the total power constraint and indirectly helps limit
the interferences by forcing this channel to decrease its input
power. It penalizes any violation of the constraint in the
following way: The regulation term tends to infinity when
the total power approaches the total power targetP 0, so the
pricing functionPi(u−i, ui) increases without bound. Hence
the system resource is preserved by forcing all channels to
decrease their input powers and indirectly satisfies the total
power constraint [23].

Thus them-player Nash game is defined in terms of the cost
functionsJi(u−i, ui), i ∈ M, played within the action space
Ω̄. This game is called anOSNR Nash gameand denoted by
GAME(M, Ω̂i, Ji). A vector u is called feasibleif u ∈ Ω̄.
The concept of an NE solution to this game is well defined
[13]. In addition, the solution is called aninner NE solution
if it is not on the boundary of the action spacēΩ. There
exists an NE solution for thism-player OSNR Nash game
and furthermore it is inner under sufficient conditions [1].

In GAME(M, Ω̂i, Ji), the link sets fixed channel prices
αi and channels decide their willingnessβi to obtain higher
OSNR levels. For a given OSNR targetγ̂i for each channeli,
i.e, a lower OSNR bound, it has been shown in [1] that ifβi

satisfies

βi >
αi

ai

1 + (ai − Γi,i)γ̂i

1 − Γi,iγ̂i

X−i

+
(1 − Γi,iγ̂i)(1 + (ai − Γi,i)γ̂i)

ai(P 0 −
∑
j 6=i

uj − (P 0 −
∑
j 6=i

ujΓi,i + X−i)γ̂i)2
X−i,

(6)

each channel achieves at least theγ̂i level, i.e.,OSNRi > γ̂i.
Thus this result briefly provides an idea of how to achieve
given OSNR targets by tuning the parameters in associated
cost functions in the game-theoretic framework. Intuitively,
largerβi possibly leads to increase the lower OSNR bound.

III. SYSTEM OPTIMIZATION PROBLEM

A. Problem Formulation

In contrast to the game-theoretic approach, a system opti-
mization problem is formulated:

min
u

C(u)

subject to ui ∈ Ωi, ∀ i ∈ M,

OSNRi ≥ γ̂i, ∀ i ∈ M, (OSNR constraint)
∑

j∈M uj ≤ P 0, (total power constraint).

The system cost functionC(u) is the sum of all individual
cost functions,Ci(ui), C(u) =

∑
i∈M Ci(ui). Each individ-

ual cost functionCi(ui) is generic and satisfies the following
assumption:

Assumption 1:EachCi(ui) is strictly convex, continuously
differentiable andlimui→0 Ci(ui) = +∞.

Ci(ui) can also be defined as the difference between a
pricing term and a utility term. For example,

Ci(ui) = αiui − βi lnui, (7)

whereαi > 0 andβi > 0.
By using the OSNR model in (1), we can rewrite the OSNR

constraint asui+
∑

j∈M(−γ̂i Γi,j) uj ≥ n0
i γ̂i. The associated

vector form isT u ≥ b, where

T =




1−bγ1Γ1,1 −bγ1Γ1,2 ··· −bγ1Γ1,m

−bγ2Γ2,1 1−bγ2Γ2,2 ··· −bγ2Γ2,m

...
...

...
...

−bγmΓm,1 −bγmΓm,2 ··· 1−bγmΓm,m


 , b =




n0
1bγ1

n0
2bγ2

...
n0

mbγm


 .

(8)
All off-diagonal entries ofT , −γ̂i Γi,j , are less than zero such
that T is a Z-matrix [24].
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From the total power constraint andui ≥ 0, ∀ i ∈ M,
we haveui ≤ P 0. Recalling thatui is bounded inΩi =
[0, umax] and umax is sufficiently large, we can deduce that
the conditions

∑
j∈M uj ≤ P 0 and ui ≥ 0, ∀ i ∈ M are

equivalent to1T u ≤ P 0 and u ≥ 0, where1 is the m × 1
all ones vector. Therefore, the constraint set of the system
optimization problem is

Ω̃ := {u ∈ R
m |T u ≥ b, 1

T u ≤ P 0 andu ≥ 0}.

The constrained system optimization problem is formulated
asmin

u∈eΩ C(u). We denote the system optimization problem
by OPT (Ω̃, C). The condition in Assumption 1 ensures that
the solution toOPT (Ω̃, C) does not hitui = 0, ∀ i ∈ M.
The following result characterizes the unique solution of
OPT (Ω̃, C).

Theorem 1:If the following conditions on̂γ hold:

γ̂i <
1∑

j∈M Γi,j

, ∀ i ∈ M, (9)

whereΓ = [Γi,j ] is the system matrix defined in (2) and

1
T · T̃ (γ̂) · b(γ̂) ≤ P 0, (10)

with b(γ̂) = [n0
1γ̂1, . . . , n

0
mγ̂m]T and T̃ (γ̂) = T−1(γ̂), then

the constraint set̃Ω is non-empty andOPT (Ω̃, C) has a
unique positive solutionuopt.

The conditions in Theorem 1 are tight enough. They are
sufficient conditions to make the constraint set non-empty and
to ensure that the optimization problem has a unique positive
solution. Since these are not necessary, there might be some
other bound attaining the same results.
Proof: We first show that the constraint setΩ̃ is non-empty.
Note that in the link OSNR model, the system matrixΓ (2)
is a positive matrix, so if (9) is satisfied, we have

1 − γ̂iΓi,i > γ̂i

∑

j∈M,j 6=i

Γi,j > 0, ∀ i ∈ M,

which implies that the Z-matrixT has positive diagonal entries
andT is strictly diagonally dominant [25]. According to Ger-
shgorin’s Theorem [25], each eigenvalue ofT has a positive
real part. Then it follows from Theorem 5.1 in [24] thatT is
an M-matrix and it has the following properties:T u ≥ b > 0
implies u ≥ 0 (for vector inequalities, we writea ≥ b if all
ai ≥ bi and a > b if all ai > bi), andT−1 is non-negative.
Thusu ≥ T−1 b := T̃ b and then we have1T u ≥ 1

T · T̃ · b.
Note that bothT̃ and b depend on̂γ, i.e., T̃ = T̃ (γ̂) and
b = b(γ̂). So 1

T · u ≥ 1
T · T̃ (γ̂) · b(γ̂). Let ũ = T̃ b. Then

T ũ = b. Also we have1T ·ũ = 1
T ·T̃ b. By (10),1T ·ũ ≤ P 0.

It follows that ũ ∈ {u ∈ R
m |T u ≥ b, 1

T u ≤ P 0}. Thus
the above set is non-empty if both (9) and (10) are satisfied.
SinceT u ≥ b > 0 impliesu ≥ 0, we have proved that if̂γ is
selected such that (9) and (10) are satisfied, the constraintset
Ω̃ is non-empty.

Moreover, the constraint set̃Ω is convex and we have
0 ≤ ui ≤ P0, ∀i ∈ M. So Ω̃ is bounded. In addition, it
is also closed since it consists of the intersection of half-
spaces. Thus this system optimization problem is a strictly
convex optimization problem on a convex compact constraint

set, which always admits a unique globe minimum,uopt. �

Remark 1:Recall thatn0 denotes the input noise power at
Tx and also can be considered to include some external noise,
such as thermal noise. Then if the input noise is neglected,
n0 includes only some other external noise, which is also
negligible [4]. Sob = [n0

1γ̂1, . . . , n
0
mγ̂m]T ≈ 0 and therefore

P 0 ≥ 1
T · T̃ · b ≈ 0, which means the constraint set is non-

empty provided that the condition (9) is satisfied. Thus the
OSNR target̂γi can be selected in a distributed way based on
the first condition (9).

B. Maximum OSNR target:̂γmax

Let us take a close look at the condition (10). In a real
network system, it is always a question how to express
the conditions under certain physical constraints. Recallthat
T = I−diag(γ̂) Γ, wherediag(u) is a diagonal matrix whose
diagonal entries are elements of the vectoru. We know from
the proof of Theorem 1 that the matrixT is an M-matrix. By
Theorem 5.1 in [24],ρ(diag(γ̂)Γ) < 1 and

T−1 = (I − diag(γ̂)Γ)−1 =

∞∑

k=0

diag(γ̂k)Γk

exists which is positive component-wise. We rewrite (10) as

1
T ·

∞∑

k=0

diag(γ̂k)Γk · diag(γ̂) · n0 ≤ P 0. (11)

If γ̂i increases (given̂γj , j 6= i), the left-hand-side (LHS) of
(11) will increase. We can find a maximum OSNR targetγ̂max

by solving the following equation:

γ̂max · 1T · (I − γ̂maxΓ)−1 · n0 = P 0 (12)

There is no direct relation between̂γmax and C(u). How-
ever, the maximum OSNR target affects the solution of the
optimization problem with the cost functionC(u).

Based on the link OSNR model, we know that the perfor-
mance for each channel is interference-limited. In addition,
(12) shows that the OSNR target levels significantly affect
the capacity of an optical link: The link decides the OSNR
threshold γ̂max by using (12). Though there is no direct
relation between the maximum OSNR targetγ̂max andC(u),
γ̂max affects the constraint set over which the solution of the
optimization problem with the cost functionC(u) is found.
Any new channel with a required OSNR level no more than
γ̂max will be admitted to transfer over the link (by using the
sufficient conditions). With further necessary condition,this
idea can be developed for links to devise channel admission
control schemes.

IV. D ISTRIBUTED ALGORITHM

Recall thatOPT (Ω, C) is a constrained optimization prob-
lem. There are several computational methods for solving the
constrained optimization problem [26]. In this section, we
use a barrier (or penalty) function to relax the constrained
optimization problem. We first show that by appropriate choice
of barrier functions, the solution of the relaxed system problem
can arbitrarily approximate the one of the original problem
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OPT (Ω, C). Then a distributed primal algorithm is presented
for the relaxed system problem.

Theorem 1 shows thatT u ≥ b > 0 implies u ≥ 0. Then
OPT (Ω, C) can be rewritten succinctly as

min
u

C(u)

subject to T̂ u ≥ b̂, (13)

whereT̂ =
[

T
−1

T

]
and b̂ =

[
b

−P 0

]
.

A. Relaxed System Problem

A barrier function, λi : R → R, is selected with the
following properties:

(P.1) ∀i ∈ M, λi(x) is non-increasing, continuous and

lim
ui→∞

∫ yi(u)

bbi

λi(x)dx → −∞ (14)

where
yi(u) := rowi(T̂ )u. (15)

Note that the barrier functionλi should go to negative
infinite when the constraintyi(u) < b̂i is violated.

(P.2) λi(x) = 0 if x > b̂i, whereb̂i is defined in (13).

By using a barrier functionλi with properties (P.1) and
(P.2), we construct a function

Vp(u) =
∑

i∈M

Ci(ui) −
∑

i∈M

∫ yi(u)

bbi

λi(x)dx. (16)

Based onVp(u), we establish a relaxed system problem:

min
u≥0

Vp(u). (17)

Recall that the cost functionCi(ui) is strictly convex andC(u)
is also strictly convex. Thus the non-increasing property of the
barrier function together with Assumption 1 in Section III-A
ensures thatVp(u) is strictly convex [11]. Then it has a unique
internal minimum value satisfying the following equations,

∂Vp(u)

∂ui

= C′
i(ui) − rowi(T̂

T )λ(y(u)) = 0, ∀ i ∈ M.

Thus solving the set of above equations we obtain the unique
solution ūopt of (17):

ūopt
i = C

′−1
i (rowi(T̂

T )λ(y(ūopt))), ∀ i ∈ M.

The barrier functionλi(·) can be selected such that the
unique solution of (17) may arbitrarily closely approximate
the optimal solution ofOPT (Ω, C). For example, a bar-

rier function can be defined asλi(x) = [bbi−x+ǫ]+

ǫ2
, where

[x]+ = max{x, 0}. Thus asǫ → 0, the relaxed system problem
approximates the solution of the original system problem
arbitrarily close [10].

B. Primal Algorithm

Now we develop a distributed algorithm for the relaxed
system problem. A primal algorithm is defined as a set of

following differential equations:

u̇i(t) = −ki

∂Vp(u)

∂ui

= −ki (C′
i(ui(t)) − si(t)) , (18)

where the coefficientki > 0 andsi(t) is defined as:

si(t) = rowi(T̂
T )λ(y(u(t))), (19)

whereλ(·) = [λ1(·), . . . , λm+1(·)]
T is a pre-defined barrier

function vector.
The algorithm (18) is a gradient algorithm and can be

implemented in a distributed way. Each channel varies its input
powerui gradually as in (18), while the link (network system)
calculates the vectors(t) = [s1(t), · · · , sm(t)]T based on the
received input powers, OSNR preference and link constraint,
and then feeds this updated information back to each channel.

The following theorem states that the unique equilibrium of
the algorithm (18) corresponds to the unique solution of (17),
ūopt. Moreover the solution is globally asymptotically stable.

Theorem 2:The unique solution̄uopt to the relaxed system
optimization problem (17) is globally asymptotically stable for
the system (18).
Proof: Notice thatūopt is the unique solution to the equations
∂Vp(u)

∂ui
= 0, ∀ i ∈ M. Thus, it is the unique equilibrium point

of the system (18).
Since Vp(u) is strictly convex, it follows thatūopt is

the global minimum point of the functionVp(u). Let C =
Vp(ū

opt). ThenVp(u) > C for all u 6= ūopt.
Now we construct a Lyapunov function for the system (18):

V (u) = Vp(u)−C. Then it can be easily verified thatV (u) =
0 when u = ūopt, and thatV (u) > 0 when u 6= ūopt. That
is, the functionV (u) is positive definite with respect to the
equilibrium pointu = ūopt.

Taking the derivative ofV (u) along the trajectory of the
system gives

V̇ (u) =
∑

i∈M

(
∂

∂ui

Vp(u) · u̇i

)
= −

∑

i∈M

ki

(
∂

∂ui

Vp(u)

)2

.

Thus we know thaṫV (u) = 0 whenu = ūopt, and thatV̇ (u) <
0 when u 6= ūopt. It meansV̇ (u) is negative definite with
respect to the equilibrium pointu = ūopt. Hence, by Lyapunov
stability theory the conclusion follows. �

The unique solution of the the relaxed system problem (17)
may arbitrarily closely approximate the optimal solution of the
original system problem (13) with an approximate selectionof
the barrier function.

V. SIMULATION AND EXPERIMENTAL RESULTS

In this section, we present MATLAB simulation results and
experimental results for a point-to-point optical link shown in
Fig. 1 by using the algorithm (18).

A. Simulation Results

In simulation, the link has six channels (m = 6) and
the link total power target isP 0 = 2.5 mW (3.98 dBm).
Within the set of six channels, there are two levels of
OSNR target, âγi = 26 dB level desired on the first three
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channels,i = 1, 2, 3 and a γ̂i = 22 dB OSNR level on
the next three channels,i = 4, 5, 6. The conditions (9)
and (10) on the target OSNR are satisfied. So the feasible
constraint set is non-empty. The cost function for channeli
is defined as in (7) withαi = 1, i = 1, · · · , 6, and β =
[0.5, 0.51, 0.52, 0.3, 0.31, 0.32]. Primal algorithm (18) is ap-
plied, where the coefficientki is fixed for each channel with
ki = 0.01, i = 1, · · · , 6. We initially set the channel power
asu(0) = [0.216 0.221 0.226 0.231 0.236 0.833] (mW). The
barrier function is selected as

λi(xi) = 1000
(
max{0, b̂i − xi}

)6

, (20)

where xi(u) = rowi(T̂ )u. Notice thatλi(ui) is zero when
the constraints are satisfied. So there is a penalty with any
violation of the constraints. By using the primal algorithm
to adjust all channel powers, two desired OSNR targets are
achieved after the iterative process with the total power not
exceeding the link total power constraint. The channel OSNR
vs iteration time is shown in Fig. 2.
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Fig. 2. Primal: OSNR

As a comparison, we provide some numerical results in
order to compare performance of the primal algorithm and an
OSNR equalization algorithm proposed in [12]. In the original
OSNR equalization algorithm, each channel updates its input
power at iteration time(n + 1) as

ui(n + 1) = P 0 ui(n)/OSNRi(n)∑
j∈M(uj(n)/OSNRj(n))

, (21)

with constant total powerP 0 is maintained. The channel
OSNR vs iteration time is shown in Fig. 3. Channel OSNR is
equalized in a few iterations but the corresponding two desired
OSNR targets are not satisfied. Note that the solution is non-
optimal and convergence is not ensured theoretically.

B. Experimental Results

Experimental results are developed to test application of
control and optimization theory to optical communication net-
works. The experimental setup has a number of devices used
in the optical industry interconnected into a self-contained,
small scale optical link emulation testbed that is representative
of a real system while at the same time offering the flexibility
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Fig. 3. OSNR equalization: Original

in monitoring and control in real time via optical spectrum
analyzer and PC based control system.

GPIB

Tx

ASE Broadband Source

Light Source 2

Light Source 5

Light Source 1 VOA 1

VOA 2

VOA 5

EDFAMUX OSA

LabVIEW−based Controller
GPIB

Fig. 4. Block-Diagram

We present experimental verification of the distributed
primal algorithm (18) implemented in a LabVIEW setup
shown in Fig. 4. Each transmitter (Tx) is composed of a
CW (continuous-wave) light source connected to a variable
optical attenuator (VOA), emitting at five ITU grid wave-
lengths1533.47, 1535.04, 1537.40, 1555.75 and1558.17 (nm),
respectively. Output power of each transmitter is adjusted
by tuning the corresponding VOA. Multiple wavelengths,
corresponding to multiple channels, are coupled together by
using a multiplexer (MUX) and transmitted over an optical link
with cascaded optical amplifiers (EDFA). The input noise is
generated by an ASE broadband source. An optical spectrum
analyzer (OSA) acts as the receiver (Rx) to measure the
channel power and channel OSNR at the output of the link.
Within the set of channels, there are two levels of OSNR target,
a 28 dB level desired on the first channel and a24 dB OSNR
level on the other four channels. The optical link has a constant
total power targetP 0 = 2.5 mW.

In the proof of concept testbed a controller is used in the
experiment to control powers of all channels (see Fig. 4).
However, the primal control algorithm for each channel can be
implemented in a decentralized way. Each channel varies its
input powerui gradually as in (18), while the link calculates
the vectors(t) = [s1(t), · · · , sm(t)]T based on the received
input channel powers, OSNR preference and link constraint,
and then broadcasts the updated information back to each
channel. Specifically, in the experimentCi(ui) is selected
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as in the numerical simulation section, (7), (20). In order to
reduce the computational load on the link, instead of using (19)
directly, the link calculates thesi(t) based on the measured
channel OSNRs:

si(t) =

m∑

j=1

Tj,iλj

(
uj(t)

OSNRj(t)
− n0

j

)
−λm+1


−

m∑

j=1

uj(t)


 .

This update takes into account the actual link rather than
the model. Another essential implementation issue is the
calculation of the link system matrix,Γ = [Γi,j ], (2). Thus
the link system matrixΓ for an optical link with EDFA is
easy to calibrate. Moreover, it has been checked that in such
a Γ-based link system, the conditions in Theorem 2 based on
pre-defined OSNR constraints are satisfied.

Fig. 5 shows the snapshot of the front panel in LabVIEW
after the control algorithm runs100 iteration time. In total,
the time taken for a basic control loop using these lab devices
is approximately 60 seconds. We see that channel OSNR,
channel output power and total channel power converge to
stable states. Total channel power keeps below the total power
targetP 0. The final channel OSNRs are26.93 dB, 26.90 dB,
25.28 dB, 26.02 dB and28.71 dB, which satisfy the OSNR
constraints. The experimental result validate the applicability
of the achieved theoretical results.

Fig. 5. LabView Snapshot of Results

VI. PARAMETER EFFECTS IN THENASH GAME

We use the system optimization framework to investigate
the effects of parameters in the game-theoretic framework.

A. Comparison of Cost Functions

In GAME(M, Ω̂i, Ji), we are interested to know how the
social welfare changes due to the player’s selfish behavior in a
Nash game. There are many possible social welfare functions,
one of which is the aggregate function. However, generally
the convexity of the aggregate game cost function defined as
J(u) :=

∑
i∈M Ji(u) is not longer guaranteed. The following

simple example illuminates this, in which we omit the penalty
term and noise in the OSNR model for simplicity.

Example 1:Consider a Nash game with 3 players and

Ji(u) = ui − ln
ui∑

j 6=i uj

, i = 1, 2, 3.

It follows that

∂2J

∂u2
1

=
1

u2
1

−
1

(u1 + u3)2
−

1

(u1 + u2)2

The sign of∂2J
∂u2

1

is uncertain. ThusJ(u) is not always convex
with respect tou1. �

The constrained optimization problem associated with an
aggregate cost function is not always a convex optimization
problem and the optimal solutions are not immediate. Recall
that an individual cost functionCi(ui) in OPT (Ω, C) has
an approximate interpretation similar to the one of the cost
function Ji(u) in GAME(M, Ω̂i, Ji). By this approximate
definition, the individual cost functionCi is uncoupled in
u for a given set of other poweru−i. Furthermore, it has
an approximate interpretation similar to the one ofJi. Thus
we build the relation between these two formulations, i.e.,
OPT (Ω, C) andGAME(M, Ω̂i, Ji). We use the central cost
function inOPT (Ω, C) approximately as the welfare function
of GAME(M, Ω̂i, Ji). We will compare simulation results
based on this later. Moreover, in the next we select the system
optimization framework to measure the efficiency of the NE
solution numerically.

B. Parameter Effects in the Nash Game

As in Section V-A, the approximate optimal
solution of OPT (Ω, C) is achieved as uopt =
[0.5 0.51 0.52 0.3 0.31 0.32](mW). The system cost value is
C(uopt) = 4.5789. The NE solution ofGAME(M, Ω̂i, Ji)
is denoted byu∗.

We first present three cases in which the parameter selection
strategy is not used as a guideline (thus it is possible that
the game settles down at an NE solution where channels do
not reach their OSNR targets). In all cases, the user-defined
parametersβi in GAME(M, Ω̂i, Ji) are chosen as same as
βi in OPT (Ω, C). The link sets fixedαi at 0.001, 1 and20,
respectively. With these pricing mechanisms, the total power
(uT ) is maintained in all the cases below the link constraint,
but the channel OSNR target is achieved only for the some
channels and only forαi at 0.001 and1.

Thus it is observed that without proper pricing mechanism,
OSNR targets may not be achieved for some channels or all
channels. The link capacity constraint is satisfied in all cases.
With largerαi (say,αi = 20 in the third case), total power is
smaller than the link capacity constraint. While with smaller
αi in the first two cases, total power approaches the constraint
and higher channel OSNR is possibly achieved.

Channel powers,uopt andu∗ in three games are shown in
Fig. 6 vs channel number. The system costC(u) is evaluated
by plugging inuopt and u∗. Recall thatC(uopt) = 4.5789.
For the game cases we get:C(u∗) = 4.7403 for αi = 0.001,
C(u∗) = 4.9282 for αi = 1, andC(u∗) = 9.7804 for αi = 20.
Results imply that largerαi degrades system performance and
even violates the system constraints.
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Next we present three other cases in which proper pric-
ing mechanisms are chosen such that OSNR targets for all
channels are achieved. We compare by simulation the two
approaches: system optimization approach and the game theo-
retical approach. InGAME(M, Ω̂i, Ji), the parameter selec-
tion strategy (6) is used such that proper pricing mechanisms
are chosen and OSNR targets for all channels are achieved.
Although the parameter selection strategy acts as a guideline
for the selection of eachβi, it is rather intractable. Thus we
choose proper pricing mechanism in simulation by trial and
error. The parametersαi are set at1 for all cases andβi are
selected as in Table I such that different pricing mechanisms
are chosen forGAME(M, Ω̂i, Ji). Since we do not use
Monte Carlo method [27] to simulate, we selectβi in three
games by using the following rules. Firstly,βi increases for
each channel, i.e., Game [c] has the largestβi compared to
Game [a] and Game [b]. Secondly, Game [b] has the largest
ratio of βi to βmin.

TABLE I
PARAMETERS: βi

βi

Game[a] [3.8 4.8 5.8 2.6 3.0 3.5]
Game[b] [5.5 7.0 9.4 4.0 4.5 5.0]
Game[c] [10 12 15 8.4 8.5 8.3]

The efficiency of the corresponding solutionsu∗ is com-
pared by evaluating the system costC(u) for u∗ and compar-
ing it to C(uopt) = 4.5789. The corresponding system cost
values are:C(u∗) = 4.6171 for Game [a],C(u∗) = 4.6216
for Game [b], andC(u∗) = 4.6057 for Game [c].

These results verify that the efficiency in the solution of the
Nash game can be improved by proper pricing mechanism.
The fact that no full efficiency in the solution of the Nash
game is a well-known fact in the literature of economics
[14], transportation [15] and network resource allocation[16].
Moreover, the Nash game solution gets very close to the
optimal solution for system optimization. Furthermore, wecan
see that the NE solution in Game [c] is most efficient among
these three cases. It implies that the efficiency can be possibly
improved by appropriate selection of parameters.

0 20 40 60 80 100

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

iteration

m
W

Comparison: total power

game [a]
game [b]
game [c]
optimization

Fig. 7. Comparison: Total power

0 1 2 3 4 5 6 7
19

20

21

22

23

24

25

26

27

28

29

channel number

dB

Comparison: OSNR

 

 

game [a]
game [b]
game [c]
Optimization

Fig. 8. Comparison: Channel OSNR

Fig. 7 shows the total power vs iteration and channel
OSNR vs channel number is shown Fig. 8. The constraints are
satisfied in all cases. The total power in Game [c] approaches
P 0 more than others. Moreover, we can tell from Fig. 8 that
among the three cases, channel final OSNR values in Game
[c] approach the optimal solution ofOPT (Ω, C) most.

VII. C ONCLUSION

We have studied a constrained OSNR optimization problem
in optical networks from the perspective of system perfor-
mance. As a first step, we have studied the single point-
to-point link case. Each channel maintains a desired OSNR
level. Meanwhile, it optimizes its input power regarding target
OSNR levels of all other channels and link capacity con-
straint. Given reasonable target OSNR levels for all channels,
the system optimization problem admits a unique solution.
By using a barrier function, we have relaxed the original
constraint system optimization problem into an unconstrained
optimization problem and a distributed primal algorithm was
developed. Extension and generalization of the results from
the single link case to the network case is an interesting
future research direction. Simulation and experimental results
via the system optimization approach have been presented.
Furthermore, we have used the system optimization framework
to measure the efficiency of Nash equilibria of the Nash game.
We have numerically investigated the effects of parameters



9

in individual game cost functions. Simulation results have
shown that OSNR target in the game-theoretic framework can
be achieved and the efficiency can be possibly improved by
appropriate selection of parameters. Future work will address
this efficiency study theoretically, [28].
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