A Stackelberg Game for Pricing Uplink Power in Wide-Band Cognitive
Radio Networks

Ashraf Al Daoud, Tansu Alpcan, Sachin Agarwal, and Murat Akln

Abstract—We study the problem of pricing uplink power  have varied in the literature between social welfare maxi-
in wide-band cognitive radio networks under the objective mization [4], [5], fairness guarantees [6], [7], and revenu
of revenue maximization for the service provider and while maximization [8], [9]. In this context, non-cooperativenga
ensuring incentive compatibility for the users. User utility is P ! . .
modeled as a concave function of the signal-to-noise ratio theory. has proved useful, espeC|_aIIy for_mode_llpg selfish
(SNR) at the base station, and the problem is formulated DP€havior of network users and introducing utility based
as a Stackelberg game. Namely, the service provider imposes pricing techniques. See [10] for a good survey on applying
differentiated prices per unit of transmitting power and the  game theory principles on resource allocation problems in
users consequently update their power levels to maximize their communication networks.

net utilities. We devise a pricing policy and give conditions for Wi id imizati . fth -
its optimality when all the users are to be accommodated in € consider a revenue maximization version ot the pricing

the network. We show that there exist infinitely many Nash Problem with focus on systems that apply spread spectrum
equilibrium points that reward the service provider with the  technology in the physical layer. Similar systems appear in
same revenue. The pricing policy charges more from users that \vireless networks that employ CDMA as the spectrum access
have better channel conditions and more willingness to pay for - yecpanism. The problem involves a service provider that ac-
the provided service. We then study properties of the optimal - - L .
revenue with respect to different parameters in the network. commodates COQD!tIVfE radio users transmitting on the kplin
We show that for regimes with symmetric users who share the Channels. User utility is modeled as a concave functionef th
same level of willingness to pay, the optimal revenue is concave SNR. The user is charged per unit of transmitting power and
and increasing in the number of users in the network. We therefore adapts its power level to maximize the difference
analytically obtain achievable SNRs for this special case, and pepyeen its utility and the cost. The net utility dependstan t
finally present a numerical study in support of our results. L - -
price imposed by the service provider and the power levels

exercised by the other users. We study the problem from
the perspective of the service provider under the objeative

Given the recent reports on scarcity of available frequenayaximizing revenue from the network.
bands and inefficiency in spectrum utilization [1], the impo  We formulate the problem as a Stackelberg game. Namely,
tance of cognitive radio paradigm has emerged for allogatinye use a leader-follower game formulation where the service
valuable wireless resources. Unlike traditional wireléis provider (leader) imposes differentiated prices per urit o
vices, cognitive radio nodes are aware of their capalslitie transmitting power on the different users in the network.
environment, and intended use, and can also learn n&onsequently, the users (followers) update their powezlgev
waveforms, models, or operational scenarios [2]. See fap maximize their net utilities. The Stackelberg game pro-
example [3] for a comprehensive text on cognitive radigjides incentive compatibility for the users while maxinnigi
technology. Such smart characteristics of cognitive nodegvenue for the service provider. We devise a pricing policy
can also help implementing various operational features @r accommodating all the users in the network and give
telecommunication networks that have always suffered fromptimality conditions. The pricing policy suggests chagpi
lack of flexibility on the operator and user sides. In thighe users proportional to their uplink channel conditions
context, pricing is one important topic that can be reviveénd willingness to pay for the provided service. We show
by the virtue of cognitive radio technology. that participation of all the users in the game is subject

Pricing for telecommunication networks has been emo having a large enough spreading factor for the wide-
braced in the literature as an effective tool for creatingi-po band network. We show properties of the optimal revenue
cies to share network resources. Efficient pricing techesqu for the service provider with respect to different paramgte
not only increase the performance, but also improve netwoilk the network. We then study the case where the users
utilization in light of the rapid growth and variety of netwo have identical appreciation for their utilities and aniigtly
demand. Objectives for pricing communication networkgbtain achievable SNRs for the suggested pricing policy.
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ing and incomplete game information are introduced to thehere

problem and studied in [11] and [12]. The authors considdr: the spreading gain of the CDMA network,> 1.

utility functions for the users to be concave in the flow ratesy: the uplink channel gain of th" user, 0< h, < 1.
exercised. In addition to the amount charged by the servia#®: the ambient noise in the network.

provider, the user bears an additional cost of delay due to We consider user utility to be logarithmic, hence concave,
congestion on the links. In our power pricing problem therén its SNR. In particular, by accounting for the amount
is no congestion cost to be considered as in classical ktterrcharged by the service provider, the net utility for th@
flow control problems. Moreover, we consider user utility touser is given by

be a function of the SNR which, unlike flow rate in the cited

works, it admits an explicit formula in terms of the actions Ui(p,Ai) = ailog(1+%(p)) — Aipi, ®)

(power levels) of the other users in the network. This formwhere the constanti; > 0 is a factor that converts utility

of.the utility functiops proved to be insightful for an opitain units to currency. Therefore, the higher is the more the
pncmg policy as will be shoyvn !ater. ) user is willing to pay for a unit utility.

Pricing for revenue maximization in wireless networks has 1o problem involves a non-cooperative setup where each
been studied jointly with power control. For example, in][13 ,qer iy the network is interested in maximizing its net ytili
the authors adopt a utility function in terms of the ratio Ofln specific, for a given pricek;, and a vector of power
throughput to transmitting power. The authors assume th%vels of all users except th#' user, denoted bp_;, useri

users are charged the same price for unit throughput, aggiective is to findp: that solves the following problem:
give an approximate form of the revenue-maximizing price.

User utility function is taken to be quasi-concave when the max Ui(pi, P_;,Ai)- (4)
bit error rate decays exponentially in the SNR. pi=0

This work can be considered as an extension to [14]. While Now consider the problem of the service provider for max-
we adopt somehow similar power control game for the usersnizing revenue characterized by (1). The service provider
the game in [14] is solved for arbitrary prices set by theims to impose optimal prices on the users given their selfish
service provider. In this work, we give the problem anothebehavior as represented by (4). The problem in this context
dimension by considering revenue-maximizing prices in @an be considered from a game theoretical perspective and

Stackelberg formulation. formulated as a Stackelberg game. We study a leader-
o follower game where the service provider, the leader in this
B. Paper Organization case, sets the prices, and consequently the users, or ésfipw

The rest of the paper is organized as follows: In Section Mpdate their power levels in accordance with their own
we define the revenue for the service provider and the utilitpreferences or utilities. The objective of the service frlev
functions of the users, give the problem setup, and forreulats t0 find A" = (A7,A7,---,A{) that solves the problem
the Stackelberg game. In Sections Ill and IV we analyze X

. ; - 5
the game and devise an optimal pricing strategy for the Tfé( R(A.P7(A)), )
problem along with the rest of the results. Numerical result AN . R .
that support our analysis are given in Section V. FinaIIyWherep (.A) . (pl(.?h)’pZQ)’ 'P(4)) such thatpl (A)

: . ’Is a solution for thé'™ user’s problem (4) for a given vector
conclusions and remarks for future work are provided iy

Section V1. In pursuing a solution for the Stackelberg game, our objec-

tive is to find Nash Equilibrium (NE) point(s) where neither

the service provider nor any of the users have incentive to
Consider a wide-band wireless network that employgeviate unilaterally from that point. We formally state the

CDMA as the spectrum access mechanism andMa®g-  following NE definition:

nitive radio nodes numbered 1. ,N. The service provider  pefinition 1: (Nash Equilibrium) LetA* be a solution for

charges thd'™ user the amound; per unit of transmitting the service provider's problem (5) argf be a solution for

power on the uplink channel. Namely, if the transmittingne ith yser's problem (4). Then the poitA*, p*) is a NE

total revenue for the service provider is then given by

Il. PROBLEM SETUP

N Ui(pi,p",A") > Ui(pi,p",A") Vi, and
RA.P) = 3 Aipi & RA%P) = RA,pP).
1=
Il. ANALYTICAL FRAMEWORK

whereA = (A1,A2,--- ,An) and p= (P1, P2, -+, PN)- '
The SN|(Q at the bas)e station( for thi@ use)r can be We base our analysis on networks that have high SNR

represented by the formula so that ambient noise is sufficiently small and can be
neglected; i.eg? ~ 0. A pricing policy in this case has an
v(p) Lpih @) appealing form and gives additional insight. Also to avoid

- zE:Lk#i pchy + 02’ any trivialities from dividing by 0 in (2) we assunfé > 2.



In order to solve for the Stackelberg game we use a givenA, |\7|(/\) users satisfy condition (7), and therefore
backward induction technique. We start with the game dfiave positive power levels given by (8). The revenue for the
the users and derive the best response for each user aseavice provider (1) can then be given by the formula
function of the price set by the service provider and the R(A,p(A)) =
power levels exercised by the other users in the network. T
Namely, for a givenA; and p_;, the first and second order L M) 1 AMA) ajhi

. . L. -th , e ai — = — . (9)
optimality conditions of the'™ user’s problem (4) suggest L—1 i; (L+MQA)=1) h & Aj
the following best response:

Definition 2: Let (p*,A") be a NE point for the Stackel-
L [“A'—f" - y—['} if 0<p {“/'Tr" - E} berg game. Then the point is innerpf > 0 andA;* > 0 for
i (Ai, p_i) = 0 i 1 {Oﬂ _ b} 0 ®) ali= 1,--- N. Otherwise it is a boundary point.
hi | A L ’ In the following theorem we state our main result for a
wherey_i = SN, pchy for all i. Notice that the second Pricing policy for inner NE points:

choice is due to the non-negativity constraint on the trans- 1neorem 1 (Optimal Prices for Inner NE Points):
mitting power in (4). Consider the Stackelberg game with followers. Let the

We state the following proposition by adopting the resultdd€xing of the users be done such thati < ,/aj =i > |,
in [14]: with the ordering to be picked arbitrarily if/a; = ,/aj. If

Proposition 1 (Unique NE for the users’ gamejhe the following condition is satisfied for aM € {1,--- N}

=
IN

power game of the users admits a unique NE for any 1 M
vector of pricesA > 0 assigned by the service provider. In vau > T > Vi, (10)
particular, index the users such thatgj(fli < ai—h‘ theni > j _le o .
_ ) ) o @J' ajh; then the Stackelberg game admits an infinite number of inner
vY|th the ordering to be picked arbitrarily A Let NE points(A*, p) such that
M(A) be the largest integevl <N for which the following A A
condition is satisfied I Vi,j=1,---,N (11)
) ) J ) 7 )
M hivai  hj/aj
ambm o 1 ajhj % nd
A LEM-12 A a
. : . . L 1 Va8
The game admits a unique NE which has the property that Pi = (=P ai — LIN-1) Z Vaj |- (12)
Vi i.e = | =1
usersM(f\)Jrl, ,N have zero power levels, i.@; (A) =0 Proof: The proof of the theorem is deferred to the
for j > M(A) + 1. The equilibrium power levels of the first Appendix. -
M(A) users are positive and obtained uniquely by The theorem characterizes optimal pricing for accom-

M(A

: ) q:h:
pi*(A):L a4 1 > aihy condition (10) is a sufficient condition. The formula of
L-1\A h(L+MAQA)-1) Aj ; : ; ; ;
IS optimal prices (11) has an interesting proportional strest
fori=1.... |\7|(/\). It suggests charging more the users that have better channel
S conditions, i.e. higheh’s, and who are more willing to pay
for their utilities, i.e. highera’s.
Notice that if L is large enough, then condition (10) is
fisfied for allM < {1,---,N}. Intuitively, by the formula
the SNR given by (2), the higher the spreading daiis,

) modating all the users in the network and shows that
)

Notice that it is always the case théit(A) > 1 since at least
one user should pass condition (7).

Formula (6) suggests that, besides the price, the best
response of any user depends on the actions of the other uSE
in the network. As suggested by [14], some discrete tim
iterative update algorithms converge to the NE point. Fo e better the SNR for the user and the lesser the external

example, an algorithm where all the users update their powSF.feCt due to .the ot.her users in the network. This way there
levels with probability 1 in each time slot can be show will be more incentive for the users to have non-zero power

: N : - r]evels.
to converge provided that conditiob=t < 1 is satisfied. - . .
In computing the best response, the user does not need.toltthcan be sh(?cwn b3|/ Sngbsttrlltugltr\hg optimal pn;:es fr_om (ll{l)E
communicate with any peer in the network. The quantit%1 the revenue orm_ua( ) that the revenue at any inner
SN ek ) ~ point is fixed and given by
% can be computed at the base station and provided N N
to useri a_long with the price valud;. Therefore, assuming RA*,p*(A%)) = o — VUYi Z Va7 | . (13)
the quantityL to be of common knowledge, the user has all L-1Z£ (L+N-1) &

the information required to compute its best response in foreover, SNR values that are achieved at the base station

decentralized fashion. . : . .
So far we have the NE point for the game of the users aasre independent of the price. In particular, by using (812 (

a function of the imposed price vectdr, as given by (8). L (\/ﬁi— mi?‘:l \/oTj)
We are striving to find an optimal price vectaf that solves Y= N I N .
the problem of the service provider (5). In other words, for 2k=1kA (\/OTK— TIN—T) 2i=1 \/‘Ti>

(14)



The utilities for the users are also independent of the assig  For the SNR that can be achieved in the symmetric users
optimal price and can be directly computed by the previousase, it can be shown from (14) to be
formula and equation (12). R L )

Theorem 2:If condition (10) is satisfied for allM e W=y—7 ‘=1 N A7)

{1,---,N}, then the revenue from any boundary point iSNow, if ymin is taken to be the minimum acceptable SNR

always less than the revenue from inner NE points, that iﬁ’t the base station, then it follows thdtshould be chosen
prices that give a boundary point are less profitable thas[hch that

prices that satisfy (11). N < L 41
Proof: The proof of the theorem is omitted due to space = Vmin

constraints and is given in [15] ®  The form gives an upper bound on the number of users that

can be accommodated by the network to guarantee a certain
threshold for the SNR.
In the case when condition (10) is not satisfied for all

L . . . V. NUMERICAL RESULTS
the users, optimality of prices in (11) is not guaranteed b

Theorem 1. However, such problem requires more rigoroJ/E' this section we numerically verify the results in The-

analysis and can be considered for an extended version §M 1. For the sake of clarity of demonstration in the

this paper subsequent figures, we study a simple network with two

In fact, it has been discussed in the previous section th%ﬁ;erS;N =2. In this case the revenue for the service prov@er
for networks with large enough spreading factar condi- when the two users have positive power levels can be written
tion (10) is always satisfied. The condition is also satisfie>'"N9 formula (9) as follows

when all the users are symmetric in the sense that they have  R(A,p"(A)) =

the same willingness to pay factor. In this case any solution L A ashy Ay aihy

for the Stackelberg game must be inner by Theorem 1. 127 <L01+Laz— <hl)\2+hz)\1)>'

Besides being insightful, such cases are interesting sivege
arise in situations when cognitive radio users target $igeci . .
applications offered by the wireless network, like the casgv_e assume the gain of the channel for the first user to be

for services offered by Mobile Virtual Network Operators™/c® that for the second user; i.8y = 2hp. Theorem 1
MVNOSs. suggests that an inner NE point can be achieved by charging

rtge first user; i.e. the user with higher channel gain, double
what the second user is charged. Namely, by (11) optimal
prices satisfy the following line equation

Af =2A5. (18)

For each valuéA1,A,) we test condition (7) for users 1 and
2. A user that passes the condition has positive power level
It can be also shown that optimal power levels exercised wVen by (8) and O otherwise. The revenue for the service
the users satisfy the following criteria provider is directly computed by substitution in (1).

Figure 1(a) shows the revenue for the service provider

IV. SYMMETRIC USERSCASE

We first consider the symmetric users case wloare- as.

To shed light on some features of the symmetric use
case, lej=aj=a Vi,j=1,--- ,N. By Theorem 1 optimal
prices satisfy

A _A]

A _ T ii=1---.N.
hl hJ7 VI’J ) )

hip =hipj, i,j=1--,N. (15 for different prices imposed on the users. We use unit price
The optimal revenue for the service provider can be writtefficréments up to 50 units. The values are computed for the
in the following form using (13): following parameterst = 1Q, 0=z = 4.0, hy =0.5, and _
h, = 0.25. The flat surface in the figure corresponds to price
R, p (A7) = aNL values where only one user passes condition (7), and the
L+N-1 revenue in this case is fixed regardless of which user passes

the test. The maximum revenue value i27and is obtained
by exhaustive search on the computed values. It is verified to
Ny - ONL 16) De achieved by prices that satisfy optimal price formulg) (18
(N) = : (16) :

L+N-1 In another example we consider the other case where the

It is not hard to see that the mapping (16) is increasing ariépers have the same channel gain but different willingress t
concave in the number of usaks Moreover pay factors. We adopt the case where= 4a,. We use the
parameterd = 10,h; =h, =0.5, a; = 16, anda, = 4. The
lim p(N)=alL. two users in this case pass condition (10), and therefore the
N—e optimal policy suggests charging the users according th (18
The limit gives an upper bound on the revenue for thén Figure 1(b) we show the revenue for the service provider
service provider. It shows that the more users the networfr different price values. The optimal revenue value is593
accommodates, the better revenue the service provides gaand it is similarly verified to be achieved by prices thatsfti
up to a multiplicative value of the spreading gain the form (18).

Now define the mapping(-) :R+— R as
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Fig. 1. revenue for the service provider for different pgde the setup given in Section V for the following cases a)r&seth similar willingness to
pay factorsa; = a, = 4.0, but different channel gaing; = 0.5 andh, = 0.25. b) Users with similar channel gaihg = h, = 0.5, but different willingness
to pay factors:a; = 16 anda, = 4. In both cases optimal revenue values are achieved by pghe¢satisfy (18).

VI. CONCLUSIONS ANDFUTURE WORK suggests then
. - : o hj
We have studied pricing uplink power in wide-band cog- aih? Z, 1,j#i a‘ L
nitive radio networks for revenue maximization. We have A2 A’ 1=1--,N. (19)
formulated the problem as a Stackelberg game and presented ! z"zlvk?é' Pk

an optimal pricing policy for inner NE points. The formula The previous system of equations admits an infinite number

of optimal prices reveals that users with better channetl coof solutions characterized by (11). To show thIS notice tha

ditions and more willingness to pay should be charged moréor any useri = 1,---,N the expressmrzJ 1ji a‘ I can be

We have also studied properties for the optimal revenue aRgitten in the equwalent form

shown that for the case when users have the same willingness N N

to pay the revenue is increasing and concave in the number N ajh; 2i=1j# 0j hj (rll=17|7£i7jAl>

of users in the network. Since this might lead to unacceptabl ) A :

small SNR values, we have also given an upper bound on =LA 7

the number of users that can be accommodated so thafl Berefore equations (19) become

minimum SNR is guaranteed. ) Z ah (l_l )\)
Our future work involves investigating the problem when aihf _ 2j=1i# 7 =110, ™

condition (10), which classifies users based on their will- A?

ingness to pay for the service, is not necessarily satisfied.

Optimality of prices in (11) is then not guaranteed, and &mple manipulations then lead to

solution of the problem in this case hedges on more r|gorou§\z N ( N ) N )2 < N )

ajh; Al Am
i k=

mathematical analysis. — J‘l — Z< hi
aiht Ay fri

i =14
Summing up terms with the same indices and taking the
product as a common factor result in

I_lr';llzl,m;éi Am

ko1 er (rlmzl,m;éi,k/\m) .

m=1m#i.k
APPENDIX =0.
In this section we give a proof of Theorem 1.
Proof: Consider the objective revenue function (9) for
any given vecto such thaM(A) = N. First we show that a N N N A2 ah AZ o
vectorA™ that satisfies (11) is a maximizer for the function. Z ' h2 P h -

In particular, take the first order derivative with respeat t =51 N=SA _
A, i=1---.N Now taking ajhj as a common factor in the second set of
parenthesis results in
ORA,p (X)) _ N N A2 A2
dA z aj hj J_l Al a-h-2 — W =0. (20)
-1 1 N ajhj aihl N Ak =1 #i I=11#i,j [y I
L+N-1) \ h j:gﬁéi A AT ;7&' b Notice thatajh; (|‘||’\‘:17|¢i7j)\|) > 0Vi, j by the problem def-

- inition. Therefore, unlesa * is chosen such that relation (11)
The first order optimality condition; i. e% 0, Vi is satisfied, the set of equations (20) cannot be satisfied.



To test the second order optimality condition, consider th&he previous equality can be finally written in the following

N x N Hessian matrix given by

9°R(A.p*(A)) 9°R(A.p*(A))

Az d7 102N
H(A) = : : :
92R(A,p*(A)) 92R(A,p*(A))
0ANOAL 9Ag
where
9?R(A, p*(A)) B -1 2a;hy N Ak
0A? O LHEN- A% T
and
ZR(AJ)*(A)) _ 1 ajh; aih
dAi0A| ~ (L+N-1 hi)\jz hjA? |’
for i,j = 1,---,N. Take also an arbitrary vectox =
(X1,X%2,- -+ ,XN) # 0 and notice that
-1 N 2aih NAF
xH()«*)xT = — x,-2 K
(L+N-1) i; ,\i*?’ ki hy
N N
aih ajhj
— x| X]‘
i; 1:12,1# A A

But A™ satisfies (11). Therefore, the equality can be written

as
*\ T -2
XHAD _(L+N71)X

X| a| h| N X]

Z)\ k;@élm_zl )‘*2 = lj;élh

form
2
XH(A*)x" = 2 % ! x (aya;) th‘alg
MaN_1) 32 | AT
(L-l—N 1) Iéql A hjaj4
Notice that

«oT | =0 if x satisfies (11)
XH(A")x { <0 otherwise.

In fact, all the vectors that satisfy (11) follow a contingou
line, where for a giveA™, any vector can be represented
by cA® such thatc is a scalar> 0. They all give in the
same objective value; i. (A", p*(A™)) =R(cA™, p*(cA™)),

as given later in the text by (13).

Finally, if condition (10) is satisfied for aM € {1,--- /N},
then for a givenA™ condition (7) is satisfied for aM and
the solution(p*,A™) is inner. Finally, p* as given by (12)
follows by direct substitution in (8). ]
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