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Abstract the utility, maintaining fairness among the users based on
an adopted criterion, and maximizing network usage. One

We study control of congestion in general topology com- Popular approach advocates using pricing schemes to cre-
munication networks within a fairly general mathematical ate the necessary incentive for the users to exercise con-
framework that utilizes noncooperative game theory. We gestion control in accordance with the goals of the network
consider a broad class of cost functions, composed of pric- designef2]. Subsequent studies further elaborated on this
ing and utility functions, which capture various pricing ~approach following its basic principl¢3, 4, 5].

schemes along with varying behavior and preferences for G h i 't K for developi
individual users. We prove the existence and uniqueness of ame theory provides a natural framework for developing

a Nash equilibrium under mild convexity assumptions on pricing, and congestion control mechanisms. Users on the
the cost function, and show that the Nash equilibrium is Internet are of noncooperative nature in terms of their de-
the optimal solution of a particular “system problem”. Fur- mand for network resources, and they have no specific infpr-
thermore, we prove the global stability of a simple gradi- mation on oth_er userg‘ flow rates, which makes_cooperatlon
ent algorithm and its convergence to the equilibrium point. among users |mp955|ble. Hence, noncooperative game the-
Thus. we obtain a distributed. market-based. end-to-end °FY Provides a suitable framework for flow and congestion
framework that addresses congestion control, pricing and control p][oble.mS{G, 7d] Re_f. [6] shor\]/vs Fhat it an apgropn—
resource allocation problems for a large class of of commu- ate cost function and pricing mechanism are used, one can
nication networks. As a byproduct, we obtain a congestion f'”‘?' an efficient Nash eq“"'b”“m for a multi-user net_work
control scheme for combinatorially stable ad hoc networks which is further Sf[able under d|ff_erent update algorlthms._
by specializing the cost function to a specific form. Finally, ﬁ?f [7] shdowsd%X|stenC(la and ur;lquen;ess (,)f a l;lash equi-
we present simulation studies that explore the effect of the rium under different classes of cost functions for a sim-

cost function parameters on the equilibrium point and the ple tg\{o-r:jode multlpls flllnks systelm. 'EIE{B] formul\llateﬁ a
robustness of the gradient algorithm to variations in time combined routing and flow control problem as a Nash game

delay and to link failures. with a large number of players, and obtain nearly-optimal
policies with nonconcave objective functions. R in-
corporates pricing into a flow control game as an active de-
cision variable controlled by the network (service provider),
1 Introduction and study the problem as a hieararchical game in a many-
users regime. Game theoretic concepts have also been used

The congestion control mechanism of the Internet is based in [2. 3, 4, 5].
on the transfer control protocol (TCP). TCP provides an
end-to-end congestion control where each user adjusts its
flow rate according to the feedback it receives from the net-
work in the form of lost packets. With the evolution of
the Internet in recent years, we are seeing an effort towards

Although network games are widely used in the current lit-
erature as a tool for designing congestion control and pric-
ing schemes, the relationship between different types of net-
work games, and various assumptions on the user behavior

improving and modifying the existing flow and congestion have not been §_pef:ifically a_d.dressed. Furthermore, unique-
control structure. End-to-end congestion control schemes, ness ‘?f the 99“"'b”um’ stability and convergence have'been
among others, are widely accepted due to their distributed |nves_t|gated in most cases only for_specn‘lc cost functlo_ns.
nature, scalability, and ease in implementafibi In thls paper we focus on congestion control and_ provide
a fairly general framework based on noncooperative game
A variety of distributed congestion control schemes have theory. Specifically, we will show the existence and unique-
been suggested in recent studies, attempting to achieve Ness of a Nash equilibrium (NE) under reasonable convex-
goals like maximizing the user satisfaction quantified as ity assumptions on the cost function for a general network
structure. Moreover, a simple but efficient gradient de-
1Research supported in part by grants NSF CCR 00-85917 and AFOSR scent algorithm will be shown to converge to the NE un-
MURI AF DC 5-36128. der the same set of assumptions. Finally, a congestion con-

2Coordinated Science Laboratory, University of Illinois, 1308 West
Main Street, Urbana, IL 61801 USA. trol scheme for an ad hoc network, and two protocols for




Internet-style networks will implemented, all within the es-
tablished framework. The organization of the paper is as
follows. The underlying network model is given in the next

each other about their preferences, and each user wishes to
optimize its usage of the network resources independently.
A specific cost function/;, is assigned to uséywhich not

section. In Section 3, the existence and uniqueness of NE only models the user’s preferences but also includes a feed-

is proven for a general cost structure. Section 4 includes
global stability and convergence results for a simple gradi-
ent descent algorithm. In Section 5, system problem and
optimality of NE is investigated, and in Section 6, a specific

congestion control scheme is presented for ad hoc networks.

The paper ends with the concluding remarks of Section 7.

2 The Model

We consider a general network model based on fluid ap-
proximations. Fluid models are widely used in addressing
a variety of network control problems such as congestion
control[5, 10, 11], routing [10, 7], and pricinf.2, 9]. The
topology of the network is characterized by a set of nodes
N ={1,...,N} and a set of linksC = {1,...,L} con-
necting the nodes. We make the natural assumpti@oiof
nectivity and letM = {1,..., M} denote the set of ac-
tive users. For simplicity, each user is associated with a
(unique) connection. Hence, thé (i € M) user corre-

back term carrying information about the current network
state. The** user minimizes this cost function by adjust-
ing its flow rate0 < x; < m;(x—;) given the fixed, feasible
flow rates of all other users onits pafh; : j € (R;NR;)}.

J; is taken as the difference of a user-specific pricing func-
tion, P;, and a utility function,U;. The pricing function

P; indicates the current state of the network. This “feed-
back” term can be interpreted as the price the user pays
for using the network resources. There is a variety of ap-
proaches in the literature on possible choices for the pricing
term, depending on the specific feedback type. For exam-
ple, studieq2, 3] develop an explicit congestion notifica-
tion (ECN) mechanism based on packet marking. Another
approacHh5, 4] makes use of the queueing delays as an in-
dication of congestion level in the network. One advantage
of the latter approach is that it is based on measurements
of the individual users, and does not require active partici-
pation of the network. The prices in this context should be
interpreted in terms of network credits, which do not nec-
essarily relate to real money. The pricing structure here,

sponds to a unique connection between the source and des-pqever, does perform one of the main functions of money:

tination nodess;,d; € N. Each linkl € £ has a fixed
positive capacityC; > 0, and is associated with a buffer
b, > 0. The route (path}*" user’'s connection traverses
is determined by a routing algorithm, and corresponds to a
subset of linkd € £ connecting the two nodes, d;. The
nonnegative flowg;, sent by the'” user over this patlk;
satisfies the bounds < z; < 2; mq,. The upper bound,

Zi maz, ON thei*" user’s flow rate may be a user-specific
physical limitation, and cannot exceed the minimum capac-
ity of the links on the routenin; C; ,1 € R;. Itis possible

to define a routing matrixA, as in[2] that describes the re-
lation between the set of routds= {1,..., M } associated
with the users (connections) and links L,

1
A = { ’
0,

wherei € M andl € L. Using the routing matribA, the
capacity constraints of the links are given by

if source i uses link
if source i does not use link ’

Ax<C , 2.1)

wherex is the (M x 1) flow rate vector of users an@

is the (L x 1) link capacity vector. We define the flow
rate vectorx, to be feasible if it is nonnegative and satis-
fies @.1). Letx_; be the flow rate vector of all users except
thei'" one. For a given fixed, feasilie ;, we derive a strict
upper-boundn;(x_;) on flow rate of the*" user,r;, based
on (21)m7(x_1) = minleRi (Ol — Zj;éi Al,j Jjj) > 0.

We associate an M-player noncooperative game with this
problem. Here, the users (players) are noncooperative in
the sense that they have no means of communicating with

measuring and quantifying the resources. This provides a
basis for versatile resource allocation schemes.

The utility function of thei*” user is taken to be increas-
ing and concave in accordance with elastic traffic as well
as with the economic principle, law of diminishing returns.
We focus on the bandwidth as the main resource in the sys-
tem. Therefore, the utility of thé" user depends only on its
flow rate. Thus, the cost function is defined as the difference
between the pricing and the utility functions:

Ji(x;C,A) = Pi(x;C,A) — Ui(z;) ,ie M. (2.2)

We note thatP; does not have to depend on the flow rates
of all other users. It can be structured to depend only on the
flow rates of the users who share links on u&eroute.

3 Existence and Unigueness of the Nash Equilibrium

In the context of the network game introduced above, the
Nash equilibrium (NE) is defined as a set of flow rates,
(and corresponding set of costs), with the property that
no user can benefit by modifying its flow while the other
players keep theirs fixed. Furthermore, if the XE, meets
the capacity constraints as well as the positivity constraint
with strict inequality, then it is also a@nner solution. Math-
ematically speakings* is in NE, whenz? of anyi'” user is
the solution to the following optimization problem given all
users on its path have equilibrium flow rates, :
min
0<z;<m;(x* )

Ji(z;, x*;,C,A),

—is

(3.1)



wherex_; := {z; : j € Rj N R;};=1,... m. To proceed
further, we make the following two assumptions.

Al. P;(x) is jointly continuous in all its arguments, and
twice continuously differentiable, non-decreasing and con-
vexinz;, i.e.dP;(x)/0x; > 0, 9*P;(x)/dz? > 0.

A2. Ul(z;) is jointly continuous in all its arguments and
twice continuously differentiable, non-decreasing and uni-
formly strictly concave inx;, i.e. 9U;(x;)/0x; > 0,
0?U;(z;)/0x? < —e, € > 0, Vz;. Moreover, the optimal
solution is an inner onezj Ay jx; < Cp VI, under the
additional assumption:

A3. The " user's cost function has the following prop-
erties atz;, = 0 (x; = mi(x—;)) @ Ji(x T, =
0) > Ji(x) ,Vx x; # 0 (Ji(x : z; = my(x_y)) >
Ji(x) ,Vx ,x; # m;(x_;)) respectively. One sufficient
condition for the latter case is thd, has the property:
Pi(x) — o0 as); A jx; — C forany linkl € R;.

We will shortly establish that the congestion control game
defined by the cost functior2(2) on the network topology
(C, A) admits a NE. We will further show that i; is taken

as the sum of individual priceB, on links! € R; on the
path R; of the user, and the link prices are functions of only
the total flow on that link P, (> . #;), then the NE is
unique. The following assumption captures the underlying
condition:

A4, For eachi € M, P;(x) is the sum of link price func-
tions P\l € Rijie, Py =3 cp P35 cp, %) The
link price, P, is a function of the aggregate flow on lirk,

Theorem 3.1. Under A1-A4, the network game admits a
unigue inner Nash equilibrium.

Proof. Let X := {x € RM : Ax < C , x > 0} be the
set of feasible flow rate vectors (or strategy space) of the
users. The flow rate of a geneii¢ user is nonnegative and
bounded above by the minimum link capacity on its route,
0 < z; < mineg, C;. Hence, X is bounded. Next, we
show thatX has a nonempty interior and is convex. De-
fine the following flow rate vectorx™®* := min; C;/M.
Clearly,x™** ¢ X is feasible and positive &5; > 0VI.

Hence, there exists at least one positive and feasible flow

rate vector in the sek, which is an interior point. Thus,
the setX has a nonempty interior. Let' , x> € X be two
feasible flow rate vectors, arfid< A < 1 be a real number.
We have, for ang™ := Ax! + (1 — \)x?,

Ax* =Ax! +(1-MxH) <C

Furthermorex?* > 0 by definition. Hencex” is feasible
and is inX for any0 < X\ < 1. Thus, the seK is convex.

Let X, == {x e RM : Ax < C—¢,x > 0} fora
given sufficiently smalk > 0. The setX. is clearly closed,
convex and has a nonempty interior. Fré@-A3 any fea-
sible flow vectorx. € X, is bounded, and henc¥, is

compact. By a standard theorem of game theory (Thm. 4.4
p.176in[13]), the network game admits a NE. Furthermore,
by A3, the solution has to be inner, as the following argu-
ment shows. Firstx > 0, with z; = 0 for at least one

1, cannot be an equilibrium point since ugeran decrease
its cost by increasing its flow rate. Similarly, the bound-
ary points{x € RM : Ax < C , x > 0,with (Az); =

C; for atleast one linki} cannot constitute NE, as users
whose flows pass through the link with full capacity have
infinite cost undeA3. Since this applies to all players, the
NE has to be independent efor ¢ > 0 sufficiently small.
Thus, it provides a NE to the original game &n

We now prove uniqueness. Differentiating.Z) with re-
spect tar;, and using assumptiodsl,A2 we have
L 8JL(X) o 8PL'(X) 8UZ(1‘L)
fl(X) o affl o 8% - 8:102 '
As a simplification of notationC and A are suppressed as
arguments of the functions for the rest of this proof.

(3.2)

Differentiating J; (x) twice with respect ta:; yields

6f2(x) o 82JZ(X) . 62PZ‘(X) _ 82Ui(l‘i)
ox,  90x2 Oz Ox?

Hence,J; is unimodal and has a unique minimum. Based on
A3, fi(x) attains the zero value at;(x_;) > z; > 0 given

a fixed feasiblex_;. Thus, the optimization problem (3.1)
admits a unique positive solution.

>0

To preserve notation, Ié%% be denoted by3;. Further
introduce, fori,j € M, j # i,
O?Ji(x)  0?P(x)
ami(‘)xj - 8$18$7 o
with both B; and 4; ; defined on the space whexds non-
negative, and bounded b®.0). Suppose that there are two
Nash equilibria, represented by two flow vectgtsandx?,

with elementsz? andz}, respectively. Define the pseudo-
gradient vector:

cA

1,7

(%) 1= [Var i ()T - Vi, Jar (7] (3.3)

As the Nash equilibrium is necessarily an inner solution, it
follows from first-order optimality condition that(x°) = 0
andg(x!) = 0. Define the flow vectox(f) as a convex
combination of the two equilibrium points® , x* :

x(0) = 6x° + (1 — 0)x"
where0 < 0 < 1. By differentiatingx(#) with respect td@,

WO — o) ) — ) !~ x7) . (3.4)
whereG(x) is the Jacobian af(x) with respect tox :
By A Ay
G(x):= (3.5)
Ap1 o A Bu

Mx M



We also note that, by Assumptidx:

Z aQJl(X) _ Z 62<]l(x)
5‘x18x] o 8:518%

lG(RiﬁR]‘) ZG(RiﬁR]‘)

= A(i,j) = A(j,i) i,j e M.

Hence,G(x) is symmetric. Integrating (3.4) ovér

/ G(x
Where(x —x%)isa constant flow vector LeB;(x) =
/B ))d6 and A;;(x) = [; A ))do. In view of
A2 andA4, B( ) > A”( x) >0, Vz,j. Thus,Bz-(x)

A;;(x) >0, for anyx( ). In order to simplify the notation,

define the matrixg (x!,x%) := fo ))dd, which can
be shown to be full rank for any flxed Rewntmg 3.6) as,
0= G- [x! —x"], sinceg is full rank, it readily follows that
x! — x% = 0. Therefore, the NE is unique. O

0=g(x! 0))do](x* —x%), (3.6)

4 Global Stability of NE Under a Gradient Algorithm

We consider a simple dynamic model of the network game
where each user modifies its flow rate proportional to the
gradient of its cost function with respect to its flow rate. We
will specifically show that the unique NE of Thm.1 is
globally stable under the algorithm

Gxi

dCCZ‘ o o
dt

ieEM, (4.1)
where ‘t’ is the time variable. We first state (without proof,
due to space limitations) the following useful result.

Lemma 4.1. The matrixG(x) in (3.5) is uniformly positive
definite, i.e.G(x) > eI forsomec > 0and allz € X.

Now, following the line of proof of Thm. 8 of14], let us
introduceh(x) = —g(x) whereg(x) is given by (3.3). Let
||h(x)||* = k™ (x)h(x) be a candidate Lyapunov function
for (4.1). Sinceh(x) = —G(x)x = —G(x)h(x),
d
RGO = —2eh" Gh < —e]|h(x)]|* ,

wheree > 0 was introduced in the statement of Lemma 4.1.
Therefore, 4.1) is asymptotically stable.

4.2)

Theorem 4.2. The unique NE of the network game is glob-
ally stable under the gradient algorithm.().
5 System Problem and Optimality of Nash Equilibrium

We introduce here a “system problem” for the model stud-
ied above, and discuss its relationship with the models of

Kelly [2] and subsequent studigs; 4, 5]. In all these stud-
ies a system problem is defined either as a constrained opti-
mization problem given by

MaXx>0 e Ui(Ti)

subjectto Ax < [Cy...CL]T (5.1)
or as its relaxed version
min SO R(Y @)= > Uilw),  (62)

- leL ©:lER; iEM
whereP, is a link price function satisfyind1-A3 This sys-
tem goal is motivated by the fact that the sum of the utilities
of users is maximized, whereas aggregate cost at the links
is minimized. The cost function at a link may be chosen
as the average delay a packet experiences or the percent-
age of dropped packets with respect to the total flow at the
link. The centralized problen®(1) is solved by introducing
a user problem and a network problg¢®} which leads to
distributed algorithms. The user problem can be seen as a
“trivial game”, and is defined for thé" user as,
;Tg%{/\ﬂh = Ui(z:)}, (5.3)
where\; represents the price per unit flow rate, and is as-
sumed not to be a function af. The network problem, on
the other hand, yields thesg’s. In order to solve the net-
work problem, however, a centralized knowledge of the user
preferences is necessary. This difficulty is circumvented by
introducing a system of coupled differential equations for
x; and)\;. The solutions to these differential equations con-
verge to the optimal solutions of the user and network prob-
lems, and hence to the solution of the system probke)

In our formulation, however, the user problem is not decou-
pled, and is a genuine game, as defineddg)( In spite of

that, we show below that the NE of this game (whose exis-
tence and uniqueness have already been established) solves
the system problenb(2). Thus, the Nash solution of the
network game is efficient regardless of the number of users
in the network. Note that, here the users take the effect of
their strategies into account when optimizing their costs.

Theorem 5.1. The unique NE of the gam8.{) solves the
following system problem:

DOP(Y ] wm) =Y Uilw),

el i:lER; ieM

whereP; andU; satisfy assumptions A1-A4.

Proof. To solve the system problerd.@), assuming an in-
ner solution, we take the gradient with respect to user flow
rates,x, and obtain the first-order necessary condition for
optimality:

dU; (x;)

Z aPl(Zq HER; xl
dz;

-2

ieM

leL



Notice that the partial derivatives of the link costs at the
links not on the path of thé” user with respect ta; yield
zero. Likewise, the utility function of each user depends
only on that user’s flow rate. Hence, the first-order neces-
sary condition of this problem coincides with the one of the
user problem given by3(2). Furthermore, this solution is
unique for 6.4) due to the structures @t andU;. Thus,

the NE solves the system problem (5.4). O

Remark5.2 We have thus seen that the NE of the net-
work game also solves the relaxed system problém)(

and hence the formulation of the flow control problem as
a noncooperative game brings a useful interpretation to the
system problem5.4). The network game also provides a
general framework for a variety of game theory based con-
gestion control schemdd, 15]. It is not motivated by a
specific system goal, which may fail to capture some as-
pects of the target system. Instead, it provides a natural way
of capturing the user behavior. It is more comprehensive as
it provides a flexible market-based scheme for a fairly gen-
eral class of pricing and utility functions. Furthermore, the
same framework can be applied to a variety of communica-
tion networks problems as it will see next.

6 A Congestion Control Scheme for Ad Hoc Wireless
Networks

6.1 Ad Hoc Wireless Networks

Ad Hoc wireless networks are gaining increasing popularity
due to the fact that they offer unique benefits and versatil-
ity for certain applications. They consist of mobile nodes

is the usage of packet losses as a congestion indication in
TCP, which does not necessarily hold in the case of wire-
less networks where packet losses may occur randfghly
Hence, congestion control algorithms should be devised to
meet the specific requirements of ad hoc wireless networks.

6.2 The Model and the Cost Function
We propose here a congestion control game based on the
network game studied in Sections 2, 3, and 4, and in light
of the discussions in Sectighl. The user problem is de-
fined again by the cost functio.@), and is given by (3.1).
Specifically, let the utility function of thé&" user be
Ui(zs) = uglog(x; + 1), (6.1)
whereu; is a user-specific preference parameter. The link
price function is given by,

Pz(zl‘i)ZC

;
i:leR; [ Zi:lGRi i

K

(6.2)

wherek is a network-wide constant which depends on fac-
tors like the type of the ad hoc network, number of users,
etc. Notice that /(C; — > _;.,c , ¥:) corresponds to the de-
lay at the linkZ, if an M /M /1 queue model is assumed, and
hence, the pric#; is proportional to the aggregate delay on
thest" user’s path.

The cost function, as a special casea®|, is defined as:

2

lER;

K

Ji(x, ui, k) = G =S
:lER; VT

(6.3)

interconnected by multihop communication paths, and re- Tphe utility (6.1), price (6.2), and cost (6.3) functions sat-

quire no pre-existing fixed infrastructure like base stations. isfy A1-A4 if parameters: andu, are chosen appropriately.
Hence, they can be created and used anytime, anywhere, jence, by Thm3.1 there exists a unique inner NE. Fur-

without the limitations of a fixed topologfl6]. Ad hoc
networks have different requirements on congestion control
mechanisms when compared to the ones of wireline net-
works, as a result of effective routifd6, 17]. A basic
assumption here is the combinatorial stability of the ad hoc
network, i.e., the topology changes occur sufficiently slowly
to permit successful propagation of all topology updates as
necessary16]. After a route is established, re-routing be-
comes a crucial tool in such a setting for preserving the
connection, since not only the topology changes in the net-
work, but also the capacity of the existing paths may vary
with time. Therefore, it might be desirable to maintain the

thermore, by Thmb.1 this NE solves the following system
problem:

leL

Moreover, the M-dimensional equilibrium flow vectot?,
satisfies the link capacity constraing&s 1) as a result of the
specific structure of link price functiof, in (6.2). The sys-
tem goal in 6.4) can be motivated by the fact that it max-
imizes the aggregate utility of the mobiles, and minimizes
the sum of delays at the links.

K

Cl - Zi:lGRi i

min
x>0

— Y uilog(z; +1) (6.4)

iEM

capacity usage in the links low enough to provide various

re-routing schemes with unused capacity. Following (4.1), an update algorithm for th& user is:

K

Z (Cr— Zi:lGRi ;)

lER;

dIi_ .
at T

Uj

Current congestion control schemes, like TCP are not ade- _

quate for ad hoc wireless networks for several reasons. One
important factor is the ‘additive increase multiplicative de-
crease feature of the TCP which leads to wide fluctuations in By Thm. 4.2 this algorithm globally converges to the NE.
the flow rate of users, and aggressive usage of the available The variables:; andu; and the network specific parameter
bandwidth. This behavior does not satisfy the requirements « are already known to thé" user. Hence, the only feed-
of an ad hoc network as mentioned above. Another point back a user needs from the network for updating its flow




ratex; is the quantity) ;. . (C;— >,z )?. Inany imple-
mentation, this value could be delivered to the users either
by special maintenance packets or in the packet headers. In
an ad hoc network, each mobile has to update its knowledge
about the current state of the network not only for conges-
tion control but also for routing purposes. Thus, the pro-
posed feedback mechanism brings little, if any, additional
overhead to the network.

6.3 Simulation Studies

Using the congestion control scheme developed above for
ad hoc networks, we have studied numerically (using MAT-
LAB) the two specific network configurations shown in Fig-
ure1l. The basic network structure in Figute(a) is cho-

sen for its simplicity, as it enables us to observe the effect
of different parameters and to compare flow rates of users.
The second network in Figurgé (b), on the other hand,

is more general and captures features not covered by the
first one. We make the simplifying assumption of predeter-
mined, fixed routes throughout the duration of connections.
Furthermore, pricing and utility parameters are fixed for a
given simulation. In the simulations, time, and hence the
algorithm, are discretizedFirst, we investigate the effect

User 4

(@) (b)

Figure 1: A basic network configuration (a), and a more complex
network with arbitrary routes (b).

of varying the value of utility parameters,, on the sim-
ple network of Figurel (a). Link capacities are chosen as
10, and the pricing constant as= 10. Simulation is re-
peated for utility parameterg = [10 10 20], [10 20 10],
and[10 10 10]. Figure 2 displays results for utility parame-
ters[10 20 10].

In the first case, although user 3 is charged twice that of
users 1 and 2, we have symmetric flow rates due to the
doubled utility of user 3. When all users have the same
utility as in the third case, however, user 3 ends up with
a lower flow rate than others, as it uses both links. When
user 2 hasi; = 20 in the second case, he ends up getting
a larger share of the link capacity, but less than twice the
value of user 1. We also note that links are not necessarily
used with full capacity. Although it may seem as a disad-
vantage in general, this extra capacity contributes to robust-
ness in case of ad hoc network$he simulation is repeated
on the more complex network of Figufie(b). Figure3
shows flow rates of users with symmetric utilities= 10,

and aggregate flow rates on selected linkaother impor-
tant cost function parameter is the pricing parametein

@) (b)

Figure 2: Flow rates of the users and aggregate flow rates at
the links on the simple network of Figure 1 far =
[102010] in (a) and (b).

Figure 3: Flow rates of users witlh = 10 (a), and aggregate
flow rates at selected links (b). Simulation is run on
the network of Figure 1 (b).

Figure4, simulation results are shown for various values of
x = 0.001, 0.01, 0.05, 0.1, 0.5, 1, 5, 10, and20. As ex-
pected, increased prices lead to lower flow rates and less ca-
pacity usageNext, robustness of the system is investigated

(b)

Figure 4: Effect of parameterx on user flow rates

(a), and aggregate flow rates at the links (b).
The k values are given in the vectok
[0.001 0.01 0.05 0.1 0.5 1 5 10 20].

under varying link capacities. Since ad hoc networks are
inherently unreliable, robustness of the system is of great
importance. The capacity of link 1 on the basic network is
halved att = 1500. We observe in Figuré that the users
respond rapidly to this change, indicating robustness of the
scheme Finally, effect of delay on the proposed scheme is
simulated on the network of Figuigb). Users are symmet-
ric in terms of their utility parameters,; = 10 Vi, and the
pricing parameter. = 1. The delay vector of users is given
by [300 150 250 50 20]. Note that, these delay values are



(b)
Figure 5: Effect of a variation in the capacity of link 1 on user

flow rates (a), and aggregate flow rates at the links (b).
The capacity of link 1 is halved at= 1500.

vastly exaggerated when typical, local ad hoc networks are
considered. It is observed in Figuréga) and (b) that the
user flows and aggregate link flow rates converge, although
slightly slower than the ones in the ideal case.

User Fiow Rate vs Time.

(a) (b)
Figure 6: Effect of delay on user (a) and aggregate flow rates

(b) at the links. The delay vector of users is chosen as
[300 150 250 50 20].
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